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Foreword

In 1969, Jirgen Neukirch’s book Klassenkorpertheorie was published by Bib-
liographisches Institut Mannheim. The main goal of the book was to grant
the reader, who has acquainted himself with the basics of algebraic number
theory, a quick and immediate access to class field theory.

Although this book has been out of print for many years, it has remained
the favorite introduction to class field theory in Germany. As a student in
the 1980s, I myself studied a copy from the library that showed clear signs of
extensive use. This motivated the idea to make the text available again, as a
printed book as well as a freely accessible file for downloading.

This book should not be confused with Neukirch’s book “Class Field Theory”
(Springer Grundlehren vol. 280, 1986), which has another focus. The text pre-
sented here is essentially identical with the German text based on Neukirch’s
original Bonn lectures; I only corrected mistakes and updated notation.

I would like to thank Rita Neukirch for her generous support for this new
English edition of the work of her late husband. I also thank Rosina Bonn
for her excellent typesetting of the original German text into IMTEX and my
friends and colleagues Andreas Rosenschon, Bernd Schober and Malte Witte
for their invaluable help in improving the English edition.

Heidelberg, October 2012 Alexander Schmidt
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Preface

The present manuscript is an improved edition of a text that first appeared un-
der the same title in Bonner Mathematische Schriften, no. 26, and originated
from a series of lectures given by the author in 1965/66 in W. KRULL’s semi-
nar in Bonn. Since the mathematical literature lacked a uniform presentation
of class field theory based on modern cohomological methods, a summarizing
exposition of these lectures seemed to be useful. The main goal was to provide
the reader, who has acquainted himself with the basics of algebraic number
theory, a quick and immediate access to class field theory.

This script consists of three parts, the first of which discusses the cohomology
of finite groups. Nowadays, cohomology has conquered large areas of algebraic
number theory. Nevertheless, the question whether class field theory can be
done without this machinery is a frequent topic of discussion. However, apart
from the possibility of formulating the theory in terms of algebras, which is
closely related to cohomology, we do not dispose of such a theory at this
point, although recent results due to J. LUBIN and J. TATE on the explicit
determination of the local norm residue symbol provide some support for this
viewpoint. But one must not overlook the fact that cohomology presents —
in particular for the learner — a wealth of far reaching advantages. In class
field theory, cohomology plays the role of a calculus that allows a clear and
logical development of the theory under a unified viewpoint. Its importance,
however, is by no means only of formal nature. In fact, local class field theory
could originally be developed by defining the norm residue symbol via the
Frobenius automorphism for unramified extensions only. It was cohomology
that gave a vital impetus to the theory, making also the ramified extensions
accessible to class field theoretic methods. This relationship was discovered by
H. HASSE and had an immediate impact also on the global theory. Although
it was formulated in the language of algebras at first, the cohomological prin-
ciples behind it did not remain hidden for long. In addition, beyond class
field theory, the use of cohomological methods in general field theory has led,
via Galois cohomology, to a wealth of far reaching results with a novel allure.
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This is another reason why a student may wish to learn the effectiveness of the
cohomological calculus in class field theory, it provides him with a concrete
example of techniques which are used in many other areas of mathematics.

On the other hand, it cannot be denied that some students interested in class
field theory are deterred by cohomology, which at first sight may seem to be
some kind of mysterious formal mechanism that is difficult to understand. For
this reason we only introduce those notions and results from cohomology that
are essential for field theoretic applications, and we have made every endeavor
to present the material in a way that is as elementary as possible by avoiding
the general notions of homological algebra.

The second part discusses local class field theory. We have put ARTIN’s and
TATE’s theory of class formations at the beginning; it brings out the purely
group theoretical formalism of local and global class field theory based on the
theorem of TATE. For the sake of formal simplicity we have used the notion of a
profinite group; it is, however, not absolutely necessary for an understanding
of what follows, since all the essential theorems only refer to finite groups,
which are the building blocks of profinite groups. In §7 we have included the
recent results by LUBIN and TATE [34] on the explicit determination of the
norm residue symbol, which also will be applied later in the global part of the
proof of ARTIN’s reciprocity law.

The third part concerns the class field theory of finite algebraic number fields.
For the sake of a development that is as straightforward as possible we have
decided to omit the theory of function fields over finite constant fields. In
order to elaborate to what extend the global theorems can be deduced from
their local counterparts, we have strictly separated considerations of a purely
local character from those possessing a specific global nature. For a clear
presentation it turned out to be appropriate to single out certain cohomology
groups that occur when considering different field extensions simultaneously.
We have exclusively used CHEVALLEY’s notion of ideles for developing the
global theory, and yet have tried to emphasize the importance of the classical
theory going back to KUMMER. We have obtained a clear structuring of the
proof of the reciprocity law by strictly separating the treatment of the idele
group from that of the idele class group. In the last section we establish the
connection between the modern and the classical purely ideal theoretic version
of class field theory in the sense of HASSE’s Zahlbericht.

I would like to thank my honored teacher, Professor W. KRULL, for his active
interest and concern in the genesis of this script. K.-O. STOHR has acquired
a special merit to the text; I thank him deeply for his first elaboration of
my occasionally rather sketchy accounts on cohomology and local class field
theory, as well as for suggesting many essential improvements.

Bonn, July 1969 Jiurgen Neukirch
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§ 1. G-Modules

The cohomology of finite groups deals with a general situation that occurs
frequently in different concrete forms. For example, if L|K is a finite Galois
extension with Galois group G, then G acts on the multiplicative group L*
of the extension field L. In the special case of an extension of finite algebraic
number fields, G acts on the ideal group J of the extension field L. The theory
of group extensions provides us with the following example: If G is an abstract
finite group and A is a normal subgroup, then G acts on A via conjugation. In
representation theory we study matrix groups G that act on a vector space.
The basic notion underlying all these examples is that of a G-module. We will
now present some general considerations about G-modules, some of which the
reader may already know from the theory of modules over general rings.

In the following, G will always denote a multiplicatively written finite group;
its unit element will be denoted by 1.

(1.1) Definition. A G-module A is an (additively written) abelian group A
on which the group G acts in such a way that for all o,7 € G and all a,b € A
we have

1) la = a,
2) o(a+b)=oca+ ob,
3)  (om)a=o(ra).

Although in applications we mainly deal with multiplicatively written G-
modules A, we prefer for formal reasons to write these groups in this section
additively.

We can interpret G-modules as modules over rings by introducing the group
ring Z[G] of G. This ring consists of all formal sums

g NGO
oeG

with integral coefficients n, € Z. In other words, Z[G] is the free abelian
group on the elements of G:

Z|G) = { 3 o0 | 1o ez}.
oceG

Since the sums ) 1,0 can be multiplied, Z[G] is a ring. Therefore we may
interpret a G-module A as a module over the ring Z[G], where the action of
Z|G] on A is defined as

( Z ngo)a = Z ne(oa), ac€ A

ceG ce@G



4 Part I. Cohomology of Finite Groups

Of course, Z[G] considered just as an additive group is a G-module itself; it
will play a distinguished role in our considerations.

The group ring Z[G] contains two distinguished ideals:

IG:{ZTLUU|Z7%:0} and Z'NG:{n~ZJ|nEZ}.

ceG oceG ceG

The ideal I is called the augmentation ideal of Z[G]. It is the kernel of
the homomorphism

e: Z|G) — Z with E(ana) = an,

oeG oeG
which is called the augmentation of Z[G].

The element Ng = ) .50 € Z[G] is called the norm (or also trace) of
Z|G]. For each element 7 € G we have TNg = ). 70 = Ng, which implies
that Z-Ng is an ideal in Z[G]. The map

w:Z — Z|G] with u(n)=n-Ng

is called the coaugmentation of Z[G]. We set Jg = Z[G]/Z-N¢, and obtain
the exact sequences?) of rings and ring homomorphisms

0—Ig —Z[G] > Z —0,
0—Z -5 Z[G] — Jg — 0.

Viewing these rings only as additive groups, we see immediately that they are
all free abelian groups, and that Is and Jg are direct summands of Z[G]:

(1.2) Proposition. I is the free abelian group on the elements c—1, 0 € G,
o # 1, and Jg is the free abelian group on the elements o0 mod Z-N¢g, o # 1.
We have direct sum decompositions

ZIGl =10 Z1=21cdZ,

Z|G) = (D, Zo) ®Z-Nc = Jc S ZL .

Proof. If Y .nno0 € Ig, then ) __~n, =0, from which we obtain

Z Nyo = Z ny (o —1);

oeG ceG
if, in addition, }° g ,41 (0 —1) =0, thenn, =0 forall o € G, o # 1.

ceG

D A sequence --- — A LB L C .. of groups, modules or rings and ho-
momorphisms i, j, ... is called exact, if the image of each map is equal to the
kernel of the subsequent map. We will often have to deal with short exact se-

quences 0 — A % B2 C — 0. Such a sequence encodes the information that
the homomorphism j : B — C' is surjective with kernel 1A = A.
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Since each element ) . n,0 € Z[G] can be written in the following form

ana:an(a—l)—F(an)-l,

oceG oceG ceG
we have the decomposition as an evidently direct sum Z[G] = I & Z-1.

If, on the other hand, > .

Z Neo = Z(ng —n1)o +nq- Z o= Z(na —n1)o mod Z-Ng,

oceG o#1 oeG o#1

neo mod Z-N¢g € Jg, then we can write

and ZG# ny,o € Z-Ng clearly implies n, = 0 for all o # 1.

Thus Jg is the free abelian group generated by the elements ¢ mod Z-Ng
with o # 1. Because of the uniqueness of the representation

Z Neo = Z(na —ny1)o +n1-Ng,

ceG o#l
we also obtain the direct sum decomposition Z[G] = (@, Zo)SZ-Ng.

The ideals I and Z-Ng in Z[G] are dual to each other in the following sense.
(1.3) Proposition. I¢ = AnnZ-Ng and Z-Ng = Ann Ig.

Proof. We have

(ana)-NG:Zn0(0~Ng)=ZnUNG:(Zn[,)'NG:O

ceG oelG ceG ceG

anzo.

ceG

Thus Ann Z-N¢ = Ig. On the other hand, we know from (1.2) that I is the
free abelian group generated by the elements ¢ — 1, o € G. Therefore

if and only if

ZnTTGAnnlg<:><ZnTT)(U—1):0 forallo € G
TEG T€G
<:>ZTL.,-T0:ZTLTT forallc e G
T€G T€G
= n,=n forall 7€ G
= Z n,T =n1-Ng € Z-Ng,
TG

so that Z-Ng = Ann I, as claimed.

After these remarks on group rings we now return to general G-modules. For
each G-module A we have the following four distinguished submodules:
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A% ={a € A|oa=a for all ¢ € G}, the fixed group of A,
NgA={Nga=3_.c0a|a€ A}, the norm group of A %,
NeA ={a€ A| Nga =0},
IcA = {3, cano(oas —as) | a, € A}.
Since I¢ is the module generated by the elements o — 1, 0 € G, we obviously
have A = {a € A | Iga = 0}. On the other hand, IgA is the module

generated by the elements ca — a, a € A, o € G. Proposition (1.3) provides
us with the inclusions

NgAC AY and IgAC n A,
and we can form the factor groups
AY/NgA and y,A/IGA.

These groups will turn out to be the cohomology groups of the G-module A
of dimension 0 and —1 respectively.

If A is a G-module and g is a subgroup of G, it is clear that A is also a
g-module. Moreover, if g is a normal subgroup of G, the fixed module AY is
obviously a G/g-module.

In the following we consider the most important functorial properties of G-
modules.

Let A and B denote two G-modules. A homomorphism
fitA—B
is called a G-homomorphism if f(ca) = of(a) for all ¢ € G. We will
often interpret a G-module A simply as an abelian group; in this case we will
talk about Z-modules and Z-homomorphisms instead of G-modules and
G-homomorphisms.
Given two G-modules A and B we can construct a third G-module, the module
Hom(A, B)
of all Z-homomorphisms f : A — B, on which the elements o € G act as:
o(fy=0o0foo ! thatis, o(f)(a)=0cf(c'a), ac A.
The group Home (A, B) of all G-homomorphisms from A to B is a subgroup
of Hom(A, B); clearly it is the fixed module of the G-module Hom(A, B):
Homg (A, B) = Hom(A4, B)€.
2 For the elements Zaegaa the name trace seems more appropriate. However,

given that our later applications mainly involve multiplicative G-modules, we
have decided use the word norm already here.
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In addition to Homg (A, B) we have another G-module, the tensor product

A®ZB.

Roughly speaking, the tensor product of A and B consists of all formal sums
of products )", a;-b;, a; € A, b; € B. A precise definition is given by:

(1.4) Definition. Given two abelian groups ( Z-modules) A and B, let F be
the free abelian group generated by all pairs (a,b), a € A, b € B, and let R
denote the subgroup of F' generated by the elements of the form

(a + al7 b) - (CL, b) - (&/7 b) and ((1, b+ b/) - (a7b) - (a7 b/)

Then the factor group
F/R=A®zB

is called the tensor product of A and B over Z.

Since we only consider tensor products over the ring Z, we will write for
simplicity A ® B instead of A ®z B. We denote by a ® b the coset

a®b=(a,b)+ Rc A® B.
By definition, the tensor product A ® B consists of all elements of the form
Zai@)bi, a; € A, b; € B,

hence is generated by the elements a ® b.

In the special case A = Z we will often regard the tensor product Z ® B and
the Z-module B as equal by identifying® n @b and n-b for n € Z, b € B.

If A and B are two abelian groups, we will identify the groups A ® B and
B ® A via the isomorphism

fiA®B-—B®A with fla®b) =b®a.

Similarly, if A, B, C are three abelian groups, we will regard the groups
(A® B)® C and A® (B ® C) as equal, making use of the isomorphism

f:(A®B)®C —A®(B®C) with f((a®b)®c)=a® (b®c).

If A and B are two G-modules, then A ® B becomes a G-module by defining
cla®@b)=ca®ob, ac€A, beB;, oG Y

%) Starting from this case, we can think of the construction of the general tensor
product as a formal change of the domain of coefficients of B from Z to A. For
example, every abelian group B can be extended to a Q-vector space by tensoring
B with Q. This transition is the formal extension of the scalars of the Z-module B
from Z to Q, and multiplication of b € B by a rational number r € Q corresponds
to forming r ® b € Q ® B.

4 Since the products a ® b generate the module A ® B, we obtain the action of o
on the entire module by linear extension.



8 Part I. Cohomology of Finite Groups

In general it is not true that AY @ B is the fixed module of A ® B. In fact
g

A% ® B¢ might not even be a submodule of A® B. We only have the canonical
(but in general neither injective nor surjective) homomorphism

A% @ B — (A® B)¢

It is easy to verify that the functors Homg and ® are additive:

(1.5) Proposition. Let {A, | . € I} be a family of G-modules, and let X be
another G-module. Then we have canonical isomorphisms®

X®( @A %EBX@A)

Homg(@AL,X HHomG A“X) HomG X, HA HHomg(X,AL).

Moreover, if X is finitely generated as an abelian group, then

(JJA) =2[[(x®@A4,), Homg(X,dHA,) = @) Homa (X, A,).

Let A and B be G-modules and
Al A

a G-homomorphism. Then h induces a G-homomorphism in the ‘opposite’
direction

Hom(A4, B) «+— Hom(A', B)
given by composition f — foh (f € Hom(A’, B)), and a G-homomorphism
AoB— A ®B
defined by a ® b — h(a) ® b. On the other hand, given a G-homomorphism
B -4 B,
there are analogously defined G-homomorphisms
Hom(A, B) — Hom(A, B')

and ,

A®B — AR B'.
Because of these properties, Hom is called a contravariant functor in the first
and a covariant functor in the second argument, and the tensor product ® is
called a covariant functor in both arguments.

%) The symbol € stands for the direct sum, i.e., the group of all families
(...,a.,...), where only finitely many components a, are different from zero.
In contrast, ] denotes the direct product, i.e., the group of all families

(cooyan,...).
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If we have two G-homomorphisms
A A and B-S B,
we obtain a G-homomorphism
(h,g) : Hom(A, B) — Hom(A’, B)
by defining f +— go foh (f € Hom(A4, B)), and for two G-homomorphisms
Ay A and B-L B
we get a G-homomorphism
h@g: A9 B — A @B,
by setting h ® g (a ® b) = h(a) ® g(b).

In what follows, G-free G-modules will play an important role. A G-module
A is called G-free or Z[G]-free, if it is the direct sum of G-modules which
are isomorphic to Z[G]. A first basic property of G-free modules is:

(1.6) Proposition. Let X be a G-free G-module and

0—AB 200

an exact sequence of G-modules A, B, C and G-homomorphisms h, g. Then
the induced sequence

0 — Homg (X, A) — Homg (X, B) — Homg(X,C) — 0

is also exact.

Write X = @, I, with I, = Z[G]. From (1.5) we have the decomposition
Homg (X, A) = HHomg(FL,A).

If we set A, = Homg([,, A) = Homg(Z[G], A) = A (where the last isomor-

phism is given by the map f € Homg(Z[G], A) — f(1) € A), and define B,

and C, analogously, we obtain the exact sequence
0—A —B, —C, —0,

which implies the proposition.

Remark. Proposition (1.6) is valid more generally for so-called projective
G-modules X, i.e., G-modules which have the property that every diagram
X

|
fi
B-21s0C—0

with G-modules B,C and G-homomorphisms g, f’, g surjective, can be ex-
tended to a commutative diagram by a G-homomorphism f: X — B.

f/
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For arbitrary G-modules X it is easy to verify that if one omits the last map
— 0 in the induced Homg-sequence, the remaining sequence is still exact.

A G-free G-module is, of course, also Z-free, and therefore a free abelian
group, since Z[G] is the free abelian group generated by the elements of G.
For most questions concerning the exactness of sequences it suffices to consider
only Z-modules and Z-homomorphisms. In later applications we will need the
following three lemmas.

d d
(1.7) Lemma. If - +— X, ; ¢~ X, &% X, 4, +— --- is an exact
sequence of Z-free modules and D is an arbitrary Z-module, then the sequence

-+ — Hom(X,_1,D) — Hom(X,, D) — Hom(X,41,D) — - --

is also exact.

Proof. Let Cy = kerd, = imdy41. Since Cy—1 is free as a subgroup of X,_1,
the exact sequence 0 + Cy_1 < X, < C,; < 0 is split, i.e., there is a
homomorphism ¢ : Cy—1 — X, with dj oe = id, and Cj; is a direct summand
of X, : X, = Cy ® X, for all g. Thus if f is in the kernel of Hom(X,, D) —
Hom(Xg41,D), then f vanishes on Cy, and therefore induces a homomorphism
g : Cq—1 — D with f = ¢’ od,. Since Cy_1 is a direct summand of X, 1,
we can extend ¢’ to a homomorphism g € Hom(X,_1, D), and f is the image
of g under the homomorphism Hom(X,_1, D) — Hom(X,, D). On the other
hand, if f € Hom(X,, D) is in the image of Hom(X,_1, D) — Hom(X,, D),
f=fod, with f' € Hom(X,_1,D), then fodyy1 = f'odgodgt1 =0, ie.,
f lies in the kernel of Hom(X,, D) — Hom(Xg41, D).

(1.8) Lemma. If0 - X — Y — Z — 0 is an exact sequence of free
Z-modules and A is an arbitrary Z-module, then the sequence

0—XRA—Y®RA—2Z20A—0

is also exact.

Proof. The exactness of the sequence X ® A - Y ® A - Z® A = 0
is completely trivial and holds without assuming that the modules are free.
Hence we only need to show that the map X ® A — Y ® A is injective. Since Z
is free, there is a homomorphism Z — Y whose composite with the given map
Y — Z is the identity map on Z. This implies that the image X' of X inY is a
direct summand, i.e., Y = X’@X"”. Thus we find Y ® A4 = (X' @ A)®(X"®A),
which implies the claimed injectivity.

(1.9) Lemma. If 0 - A— B — C — 0 is an exact sequence of Z-modules
and X a Z-free Z-module, then
0 —X®A—=X®B—XC-—0

is also an exact sequence.
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Proof. Let X = &, Z, with Z, = Z. Since the functor ® is additive, we have
the canonical isomorphism

XoA=2@Z oA)=@A, with A =2 0A=A,

and similarly for B and C. Hence the exactness of the sequence
0—A, — B, —C,—0
immediately implies the exactness of

0—X®RA—X®B—X®C—0.

§ 2. The Definition of Cohomology Groups

It is a characteristic of cohomology theory that in order to give even simple
definitions and theorems, one must introduce an extensive formalism of ho-
momorphisms, functors and sequences. At first this might give the impression
that we are dealing with a particularly difficult and deep mathematical disci-
pline. However, once the reader has become more familiar with these methods,
he will realize that these considerations are particularly simple, and they may
even appear somewhat anemic. Nevertheless, their frequent repeated use leads
to concepts and theorems which could hardly be developed using a more el-
ementary approach. In order to introduce our cohomology groups, we start
with such formal considerations, although the definition of these groups can
be given in a direct and elementary way, as well®).

Let G be a finite group. By a complete free resolution of the group G, or
also of the G-module Z 7, we mean a complex

d_o d_1 do
A
z
0 <N 0

di da ds

X,Q X,1 Xo Xl X2

with the following properties:

6 Cf. [16], 15.7, p. 236.
™) We always consider Z as a G-module by letting the group G act on Z trivially
(i.e., as the identity).
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(1) The X, are free G-modules,

(2) €, p,dq are G-homomorphisms,
(3) dQ = uoe,
(4)

at every term we have exactness.

Thus a complete free resolution consists in fact of two exact sequences

0<—Z<LXQ<d—1X1<d—2

and des

0zt x x4

of free G-modules which are spliced together. Originally, cohomology groups
were derived from the first, and homology groups from the second sequence.
But putting these two sequences together is a crucial step which leads to a uni-
fied and, concerning the functorial properties, harmonious fusion of homology
and cohomology.

When defining the cohomology groups of a G-module we could start with an
arbitrary complete resolution, even one in which the X, need only be projec-
tive G-modules. But then we would need to show the definition is independent
from the chosen resolution. In order to avoid this effort, we start with a par-
ticular complete resolution, the so-called standard resolution, which has its
origins in algebraic topology and arises in the following way.

For ¢ > 1 we consider all ¢-tuples (o1, ...,04), where the o; run through the
group G; we call such a g-tuple a g-cell (with “vertices” o1,...,0,). We use
these g-cells as free generators of our G-module, i.e., we set

Xq = X,q,1 = @Z[G](O’l, e ,O'q).

Xo=X_, =Z[G],

where we choose the identity element 1 € Z[G] as the generating “null cell”.
In particular, the modules

RN} X*Qa X*la X07 X17 X?, s

For ¢ = 0 we put

are free G-modules.

Define the G-homomorphisms ¢ : Xg — Z and p: Z — X_; by (cf. §1, p.4)

E(dec neo) = ZUGG Ng (augmentation)

p(n) = n-Ng (coaugmentation)

In order to determine the remaining G-homomorphisms d, it suffices, of
course, to give their values on the free generators (o1, ...,0,). Here we set
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dol = Ng for ¢ =0,
di(o)=0-1 for g =1,
dg(o1,...,04) = 01(02,...,04)
+ Z?;ll(—l)i(al, 3 0im1, 040041, 0442, - - -5 Og)
+(=1)9(o1,...,04-1) for g > 1,
Al =%, o (0) — (o) for g = 1,
deg-1(o1,...,00) =2 a0 Ho,01,...,04)
+>vca S (=) o1,...,0i-1,0i0,0 Loit1, ..., 0q)
—|—ZU€G(—1)‘”1(01,...,aq,a) for —¢g—1< —1.
From these definitions we obtain a complex
T2 x o, &L X, X X e x, B
S
y/A
0 <N 0

which we call the standard complex of the group G. We will see that this
complex is a complete free resolution of the group G. The conditions (1)-
(3) are trivially satisfied: By construction the X, are free G-modules, the
€, it, dg are G-homomorphisms; and because po (1) = p(1l) = Ng = dol, we
have dy = p o e. Hence it only remains to show that we have exactness at
every term. To prove this fact, we use computations that are based on similar
considerations in algebraic topology. We first show that the sequence

(+) 04— Z ¢ Xo & X, &2 x, &

is exact. To do this, we define the following Z-homomorphisms:
E:Z— Xy with E(1) =1,
D01X0—>X1 with l)o(()’):((f)7
D, : Xy, — Xq11 with Dy(oo(01,...,04)) = (00,...,04) for ¢ > 1.

An elementary calculation shows that
Eoe+dioDy=id and Dy_iody+dgyi oDy =id.

These formulas imply that given x € kere (resp. z € kerd,), we have z =
di Doz € imd; (resp. ¢ = dg41Dgx € imdy41), which proves the inclusions

kere Cimd; and kerd, Cimdgq forqg > 1.
On the other hand, it is easily checked that eod; = 0, so that kere D imd;. We

now prove by induction that d, o dq11 = 0. For this we assume dy_; od,; = 0.
(For ¢ =1 we replace dy by € and D_; by E.) Then, on one hand, we have
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dq = (Dq_Q o dq_1 + dq ¢} Dq—l) o dq = dq ¢} Dq—l (¢] dq7
and on the other hand,
dg =dgo(Dg-10dg+dgi10Dy) =dgoDy10dg+dgodgs10Dy.
Subtracting these equations we obtain
dgodgy1 0Dy =0.
But since every cell in X 11 lies in the image of D,, we have
dgodgi1 =0,

and therefore kerd, 2 imd,4q for ¢ > 1. Thus the sequence () is exact.

The second sequence

(**) 0—>ZL>X,1 - X,Q i X,3 s

arises from (*) by dualizing. In fact, from (x) we first obtain the sequence
(xx%) 0 — Hom(Z,Z) — Hom(Xy,Z) — Hom(X;,Z) — - -,
which is exact by (1.7).

Let {z;} be the system of Z[G]-free generators of X, consisting of all g-cells.
Then the “dual basis” {z}} of {z;} defined by

. 1 foroc=1landi=k%
x}(oxg) =
0 otherwise.
is a Z|G]-free system of generators of Hom(X,,Z). Thus the G-modules
Hom(X,,Z) and X, are canonically isomorphic. If we identify x; with z7,
we can write

X_¢g-1 =Hom(X,,Z) (¢>0) and Z =Hom(Z,Z).
An elementary calculation now shows that under these identifications the
sequence (##x) is transformed into the sequence (xx), hence (x) is exact.
Finally, since p is injective, € is surjective, and dy = poe, we have ker dy = kere
and im dy = im p; therefore

kerdg =imd; and imdy=kerd_;.

This completes the proof that the standard complex is exact at all terms.

Now we define our cohomology groups using the standard complex. If A is a
G-module, we set

Ay =Homg(Xy, A).
We call the elements of Ag, i.e., the G-homomorphisms = : X, — A, the
g-cochains of A. From the exact sequence

d_ d_ d, d d d
2X_2<_1X_1(_0X0(_1X1%2X2<_3...
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we obtain the sequence

o_ o_ I5] o 19} 3]
B AL, AL A A B Ay
in which, because dg o dg+1 = 0, we evidently have 0441 0 d; = 0; therefore

im0, C ker 0g41.

Contrary to the first sequence, the second sequence is not exact in general,
and the cohomology groups “measure” its deviation from being exact. We set
Zy =%ker0g41, Ry=1im0,,
and call the elements in Z, (resp. R,) the g-cocyles (resp. g-coboundaries).

We now define the cohomology groups of G with coefficients in A as follows:

(2.1) Definition. The factor group
HY (G, A) = Z4/ Ry

is called the cohomology group of dimension q (q € Z) of the G-module A;
we also say H1(G, A) is the g-th cohomology group with coefficients in A.

We remark that the cohomology groups H ~971(G, A) are the usual homology
groups denoted by Hy(G, A) (¢ > 1). In algebraic topology, the cohomology
groups (with coefficients in Z) were originally introduced as the character
groups of the homology groups. This origin has left traces in the fact that the
left side of the standard complex is obtained from the right side by duality.
We point out again that splicing the two sides into a complete resolution,
which allows interpreting homology groups as cohomology groups of negative
dimension, is a crucial step which yields more than just a formal unification®.

We now come to the problem of analyzing the concrete meaning of cohomology
groups. The cochain group

Ag=A_q1 =Homg(Xg, A4), ¢=1,

consists of all G-homomorphisms x : X, — A. Since the X, have the g-cells
(01,...,04) as free generators, a G-homomorphism = : X, — A is uniquely
determined by its values on the g-tuples (o1, ...,0,). Thus we can view every
cochain as a function with arguments in G and values in A, hence as a map

z:G@x---xG— A
—_——

g-times

By taking this view, we can identify
A=A 1={z:Gx - xG— A}, q>1,

g-times

8 This fusion of homology and cohomology is due to J. TATE.
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and obviously

Ao = A_1 = Homg(Z[G],A) = A.
From the definition of the homomorphisms d, of the standard complex, we
obtain for the maps 9, in the sequence

o_ o_ 1) o o 14)
e N/ LNy . N A T PN PR N

the following formulas

Opr = Ngz forve A_1 = A,
(O1z)(0) =0x — 2 forz € Ag = A,
(Oqz)(01,...,04) = o12(02,...,0q)

+Z;-1:_11(—1)i.7}(0'1, ey O'Z‘O',L‘Jrl7 e ,U'q)

+(=1)%(01,...,04-1) forx € Ag—1, ¢ > 1,
o1z =3 calota(o) —x(0)) forz e A_s,
(0—g-12)(01,...,0¢) =D e [0 a(o,01,...,04)

+ Zg:l(_l)i(o'la - 04-1,040, 0_17 Oitls--- ,O'q)

+(=1)""z(0y1,...,04,0)] forz e A_4_5,q>0.
The g-cocycles are therefore the maps

rz:Gx---xG—A

with ;412 = 0, and the g-coboundaries among them are those maps for which
there is a y € A, such that z = 9,y.

We remark that in algebraic applications only the cohomology groups of low
dimension appear. The reason for this is that only for these we have a con-
crete algebraic interpretation. The cohomological calculus would doubtlessly
acquire considerably more significance if we had a tangible interpretation for
the cohomology groups of higher dimensions as well. For small dimensions,
the cohomology groups are given as follows:

The Group H~1(G, A). We have
Z_1 =kerdy = n,A ((—1)-cocycles),
R_1=imd_1 =1IcA ((—1)-coboundaries).
We thus obtain (cf. §1, p.6)
H NG, A) = n,A/IGA.
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The Group H°(G, A). We have
Zy = ker 9, = A% (0-cocycles),
Ry =imdy = NgA (0-coboundaries).

We obtain 0 o
H°(G,A) = A" /NgA,

the norm residue group of the G-module A; this group is the main object
of interest in class field theory.

The Group H'(G, A). The 1-cocycles are the functions = : G — A with
Oox = 0, thus satisfying the property

x(o7) = ox(1)+2(0) foro,7€G.

Because this relation is similar to the one of being a homomorphism, the
1-cocycles are often also called crossed homomorphisms.

The 1-coboundaries are obviously the functions
z(o)=0a—a, o€Gq,
with fixed a € A = Ap (i.e., x = O1a).
If the group G acts trivially (i.e., as the identity) on A, then obviously Z; =
Hom(G, A) and R; = 0; therefore
H'(G,A) = Hom(G, A).
In particular, in case A = Q/Z, we obtain the character group of G:
H'(G,Q/Z) = Hom(G, Q/Z) = x(G),

When studying G-modules and their properties, one is immediately led to the
cohomology group H'(G, A) because of the following considerations:

If we start with a short exact sequence of G-modules A, B, C,
0—A-5B-20-—0

and pass to the sequence of their fixed modules A%, B¢, C¢, the sequence
0— A9 5 BY L, ¢

always remains exact, but the homomorphism j is in general no longer sur-

jective. The question why exactness fails at the last term leads to a canonical

homomorphism C¢ % HY(G, A).

In fact, let ¢ € C%. Since the homomorphism B ENVGRT surjective, there is
an element b € B with jb = ¢, but it is not certain that this element b can be
chosen from BY, i.e., in such a way that b — b = 0 for all & € G. Since

jleb—=b)=0(jb) —jb=0cc—c=0,
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we can only say that ob—1b lies in the kernel of B ENVs) , and thus in the image

of A% B, so that
ia, = ob—0b, a, € A.

It is easy to verify that a, defines a 1-cocycle with coefficients in A. The only
freedom in the association ¢ — a, is the choice of b with jb = c. If we choose
a different element o', we obtain a 1-cocycle a) that differs from a, only by
a 1-coboundary. Therefore every ¢ € C¢ defines a unique cohomology class
a, € H'(G,A), and it is easy to see that c is in the image of B — C¢
if and only if @, = 0. In other words, we have a canonical homomorphism

c¢ 5 H (@, A) with the property that the following sequence is exact
0— A9 4 BY Ly ¢¢ %5 HY(G, A).

In the next section we will encounter these ideas again in a more general
setting.

The Group H?(G, A). We have as 2-cocycles all functions 7 : G x G — A
which satisfy the equation 03z = 0, thus the equation

2(or,p) +2(0,7) = 02(7, p) + 2(0,70), 0,70 € G.

Among these we find that the 2-coboundaries are the functions such that

z(0,7) = oy(r) —y(oT) + y(o)
for an arbitrary 1-cochain y: G — A.

Long before the development of cohomology theory the 2-cocycles were known
in the theory of groups and algebras as so-called factor systems, and it
is fair to say that they historically represent the beginning of cohomological
considerations in algebra. We want to explain briefly how factor systems come
up in the theory of group extensions. This is the following type of problem.

Suppose that we are given an abelian group A, written multiplicatively, and an
arbitrary group G. We want to find all group extensions Gof A (i.e., all groups
G with a subgroup isomorphic to A) such that A is a normal subgroup in G
and G /A = G. The question now is which data (except A and G) determine
the possible solutions of this problem.

Assume first we have a solution G, so that A <« G and G/A = G. If we
choose a system of representatives for the factor group G/A = G, i.e., for
each 0 € G we choose a preimage u, € G, then every element in G can be
written uniquely in the form

(1) a-u,, acA oecdG.

In order to obtain the complete group table for the group @7 it obviously
suffices to know how the products u, -a (¢ € G, a € A) and u,-u, (0,7 € G)
are represented in the form (1).
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Now since A is normal in G, u, - a lies in the same right coset as u,, i.e.,
(2) Up -0 =0a’ - Uy

for some a® € A. This gives the abelian group A a natural structure as a
G-module, because the elements 0 € G act on A (independently of the choice

of u,) via the rule a — a = uy - a - u; .

The product u, - u, lies in the same coset as uy, i.e.,
(3) Uy - Ur = 2(0,7T) - Ug, with (o, 7) € A.

In this equation, the factor system x (o, 7) appears, which is easily seen to be a
2-cocycle of the G-module A. In fact, since multiplication in G is associative,

(Ug - Ur) - Up = Ug - (Ur - Up),
from which we get the equation
(U - Us) - Up = (0, T) - Ugr - Up = (0, T) - (0T, p) - Ugrp =
g+ (ttr 1) = g (7) + trp = 2% (7, )y + Uy
=27(7,p) - (0, Tp) - Ugrp.
It follows that
z(o,7) - x(oT,p) = 27(7, p) - x(0,7p),

which is precisely the cocycle property.

The above analysis makes use of the choice of a system of representatives u, .
Given a different system of representatives ., we get from the equation

/ !/

UO' ! uT = x/(o-’ T) : u:TT

another factor system (o, 7). However, this system differs from x(o, 7) only
by a 2-coboundary, namely by the 2-coboundary ds(ul, - u;'), as is easily
verified. Since the group G is completely determined by the relations (2) and
(3) (and by the relations in the groups A and G), this allows us to conclude:

The solution G of the group extension problem is uniquely determined by the
action of the group G on A, and a class of equivalent factor systems z(o, 1),
i.e., a cohomology class in H?(G, A).

Conversely, if we have made the group A into a G-module in any possible
way?), and we are given a class ¢ € H(G, A), we always obtain a solution of
the extension problem: For the ¢ € G choose generators u, and define G as
the group generated by the elements of A and the u,, subject to the relations

a’ =uy-a-uy' and u, -u; = x(0,7) Uy (x(0,7) a 2-cocycle in c).
Again this can be verified very easily.

9 More precisely: Recall that for a G-module A every element o € G provides an
automorphism of the group A. Thus a G-module A is precisely a pair of groups
A and G, together with a homomorphism h : G — Aut(A); the action of 0 € G
on A is given by ca = h(o)a. Thus making the group A into a G-module simply
means choosing a homomorphism from G to the automorphism group Aut(A).
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Together with the groups H?(G, A) of dimension ¢ = —1,0, 1, 2, the cohomol-
ogy group H~2(G, Z) with coefficients in Z plays a special role. We will show
later that it is canonically isomorphic to the abelianization G** = G/G’
(where G’ is the commutator subgroup) of G, a fact which is heavily used in
class field theory. The main theorem of class field theory concerns an isomor-
phism between the abelianization G* and the norm residue group A%/NgA
of a particular G-module A. It can be formulated in purely cohomological
terms as H~2(G,Z) = H°(G, A), and can be proven abstractly given certain
assumptions (cf. (7.3)).

§ 3. The Exact Cohomology Sequence

After having introduced the cohomology groups H?(G, A), we now want to
study how these groups behave in case either the module A or the group G
changes. We will discuss the first case in this section.

If A and B are two G-modules and
f:A— B
is a G-homomorphism, then f canonically induces a homomorphism
fy: HY(G,A) — HY(G, B),
which arises in the following way. From the map
z(o1,...,0q) — fx(o1,...,0q)

we get a homomorphism
fe:Ag — By

between the groups of cochains A, of A and B, of B with the property that
Igr10fg = for1 00441

Therefore these maps fit into the infinite commutative diagram

0q+1
Ay Agi1

fql fq+1l

Og41
By

Byt
which means precisely that
z(o1,...,0q) —> fx(o1,...,04)

takes cocycles to cocycles and coboundaries to coboundaries. It follows that
the homomorphism f;: A, — B, induces canonically a homomorphism

J, s HY(G, A) — H(G, B).

If c € HI(G, A), the image f,c is obtained by choosing a cocycle = from the
class ¢, and taking the cohomology class of the cocycle fz of the module B.
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We thus have a very simple explicit description of the homomorphism f_q.
This is an advantage that does not occur very often in cohomology theory. In
fact, for many cohomological maps one knows only of their existence and their
functorial properties, without having an explicit description. Nevertheless, it
is equally significant that in the entire theory one almost always only works
with these functorial properties, and an explicit description of the maps is
required only in a few cases.

A first example of this typical situation is provided by the for the entire
theory fundamental connecting homomorphism §. Although this map is
still given explicitly, its definition does not exactly leave the impression of
great clarity and immediacy.

(3.1) Proposition. If

0—A-5BIy0—0

is an exact sequence of G-modules and G-homomorphisms, then there exists
a canonical homomorphism

8y HI(G,C) — HITY(G, A).
The map d4 is called the connecting homomorphism or also the 6-
homomorphism.

For the construction of J, consider the following commutative diagram

0 —— Aq,1 d qul i qul — 0
J o o
0 A, —— B, —1— C, 0

0 —— Agn : By ’ Cq41 —— 0.

(For simplicity we have omitted the indices on the maps i, j, 9.) The rows in
this diagram result from applying the functor Homg(X;, ) (i =¢g—-1,¢,q+1)
to the exact sequence 0 -+ A — B — C' — 0; since the G-modules X; are free
(cf. (1.6)), it follows that these rows are exact.

We denote by ag, by, ¢, elements of the groups of cochains Ay, By, Cy, and
write Ggq, by, ¢4 for their images in the cohomology groups H(G, A), H1(G, B),
HY(G,C).

Assume now ¢, € HY(G,C), so that dc; = 0. We choose a b, such that

cq = jbq.
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We have job, = 0jby = Ocqy = 0, and thus b, € ker j,+1. Hence there exists a
ag4+1 With 0by = tag41. Because i0ag1 = Oiag41 = 00bg = 0, i.e., Oag41 =0,
we see that ag41 is a (¢ + 1)-cocycle of A. Now we set

5qEq - aq+1.
This definition depends, of course, on the choice of the representative ¢, of

¢, and its preimage b,. However, if we choose another representative c; with

/

q) and let QQH be the resulting class, we have

preimage b, (i.e., jb;, = ¢

Cg = g = cqg— ¢ = Ocqy for a cg1 = ¢y — ¢, = jbg_1 for a by,
= jbg—jbl, = jOby_1 = bg—b,—b,_1 € ker j, = im iy = iag = by—b,—b, 1
for an ag = dia, = 0b, —0b), = i0ag = iag1 —iag = 0aq = ag11—ag 1 =

Ag1 = 0 gy1-
Therefore 4 is well defined; it is immediate that § is a homomorphism.

As already mentioned, it is not necessary to recall the explicit definition of
the connecting homomorphism ¢ every time this map comes up. Once we
have proved the fundamental property of this map, its explicit definition is
used only occasionally. This fundamental and most important property is
given by the following theorem, which can be considered the main theorem of
cohomology theory.

(3.2) Theorem. Let
0—A-5B-10—0

be an exact sequence of G-modules and G-homomorphisms. Then the induced
infinite sequence

e — HYG, A) 25 HYG, B) % HY(G, C) 2% HITY(G, A) — -

is also exact. It is called the exact cohomology sequence.

Proof. The homomorphisms i, jq and d, are respectively induced by:
Qg —rtag, by jby, cq = agtr,
where ¢, = jb, and 0by = iag41. It follows that
Jq ©1q =0, because ag — iaq — jiag =0,
g0, =0, because by — jby — agy1 = 0 (we have iag1 = by = 0),

ig+1 00, =0, because ¢; — ag41 > iag+1 = 0b, € IB,.

From this we obtain the inclusions

imi, C kerj,, imj, C kerd,, imd, C kerigq;.
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Let Eq S kerjq so that jb, = Ocq—1 for a cq—1. If we choose a by,—1 with
Jbg—1 = cq—1, it follows that j(b; — Oby—1) = 0. Hence we may assume from
the beginning that the representative b, of Eq satisfies jb, = 0. Then there
exists an a, with b, = <a4, and this a, is a cocycle since ida, = 9b; = 0.
Hence by = i4a, € imi,, which proves the inclusion im i, 2 ker j,.

Let ¢4 € ker 64. By definition of d,, there are elements a441 and b, such that
0¢Cq = Qg1 = 0, iagy1 = Oby, and cq; = jby. Because @411 = 0 we have
aq+1 = Oagq, which implies that 9(b; — ia,) = 0 and ¢q = j(bgy — iaq). From
this we obtain ¢, = j,(by — ia,), which shows that im j, 2 ker d,.

Let @y41 € kerigyq so that ia,41 = b, for some by. If we let ¢, = jb,, then
Ocq = 0jbg = jOby = jiaq+1 = 0. This shows that ¢, is a cocycle and implies
Gg11 = 046, € im§,. It follows that imd, O keriyii, which completes the
proof of the exactness of the cohomology sequence.

When we introduced the cohomology groups we already mentioned that work-
ing with a complete free resolution of G leads to a unification of homology and
cohomology groups. The essential aspect here is not so much to have a unified
notation but rather the existence of an exact sequence ranging from —oo to
400 that involves both the homology as well as the cohomology groups.

Theorem (3.2) is applied mostly frequently in the following form: If an arbi-
trary term in the exact cohomology sequence

-. — HYG,A) — HYG,B) — HY(G,C) — HI™Y(G, A) — ---
vanishes, then the preceding map is surjective and the subsequent map is

injective. This type of argument will allow us frequently to prove important
isomorphism results. We state this in the following corollary.

(3.3) Corollary. Let
0—A4-5B-L0—0

be an exact sequence of G-modules. If H1(G,A) = 0 for all q, then Eq :
HY(G,B) — H%YG,C) is an isomorphism. Similarly, if H1(G,B) = 0
(resp. H1(G,C) = 0) for all q, then &, : HY(G,C) — HITY(G, A) (resp. i, :
H(G,A) — HI(G, B)) is an isomorphism.

Because of this corollary the G-modules which have only trivial cohomology
groups play a distinguished role.

We continue our discussion of the connecting map A% Ny (@G, A) from p. 17
and show that the cohomology sequence (3.2) induces an exact sequence which
terminates on the left.
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(3.4) Theorem. Let
0—A-5B-L0—0

be an exact sequence of G-modules. Then the following sequence is exact:

0 AG 1y g6 I, 06 0 gl(@, A) 5 HY(G, B) 2 -

Proof. The homomorphism C¢ S H LG, A) is defined as the composition
C% — C%/NgC = HY(G,C) 2% HY(G, A);

hence it suffices to show exactness at the term C“. To show imj C kerd
assume ¢ € imj € C%. Then ¢ = jb with b € B®, and the claim follows from

5¢ = do(c+ NgC) = 60(jb 4+ NaC) = 80jo (b + NeB) = 0.

For the opposite inclusion kerd C im j, consider ¢ € kerd. Then ¢ € C¢ and
dc = do(c+ NgC) = 0. It follows from (3.2) that we have the identity

c+ NgC = jo(b + N(;B) = jb+ NgC,

hence ¢ = jb + Ngc'. If we choose a b’ € B with jb' = ¢, it follows that
c=jb+ Ng(jb') = jb+ jNgb' € B, which proves our claim.

Because of the exact sequence (3.4) the fixed modules A%, B, and C¢ are
often defined as the zeroth cohomology groups; in particular, in case one is

only interested in cohomology groups of positive dimension.

In the following we consider various compatibility properties of the connecting
homomorphism 4.

(3.5) Proposition. If

0 A—-B-1.,¢C 0
s s [
0 A/ i B/ j/ C/ 0

is a commutative diagram of G-modules and G-homomorphisms with exact
rows, then _ _
Jar1 004 =040 hg;
in other words, the following diagram is commutative:
HY(G,C) —21s HIt(G, A)
hq lfq+1
HY(G,C") =25 Hat1(G, A)).
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This follows almost immediately from the definition of §,. Let ¢, € HY(G, C).
If we choose by and a1 such that ¢, = jb, and iag41 = 0by, then 6,64 = Gg41,
so that (fg41004)Cq = fyr1(Age1) = fagqq. If we set ¢ = hey, b, = gb, and
ayr1 = fagy1, it follows that ¢, = j'b) and 0b) = i'ay, 1, from which we obtain

N e _ B -
(0g 0 hg)eq = 64¢'q = a' g1 = fagi1 = far1004)Cq, i€, fgr1 005 =g 0hg.
The connecting homomorphism ¢ is “anticommutative”:

(3.6) Theorem. Assume the diagram of G-modules and G-homomorphisms

0 0 0
l |

0 A A A" 0
l |

0 B’ B B” 0
| |

0 c’ c c” 0
| |
0 0 0

is commutative with exact rows and columns. Then the diagram

H (G, C") —2— HYG,C")
5 l76
HI(G,A") —— HIT(G,A)

commutes.

Proof. Let D be the kernel of the composite map B — C”'; thus the sequence
0—D—B—C"—0

is exact. We define G-homomorphisms

i:A'— A® B’ byi(a) = (a,b), where a (resp. b') is the image of ¢’ in A
(resp. of @’ in B’),

j:A® B — D by j(a,b) =dy —dy, where d; (resp. dg) is the image of a
(resp. of V') in D C B.

It is easy to verify that with these definitions the sequence
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0— A s AaB 25D —0

is exact, and that the diagram

A A A B" c"
id [(id,O) ? ]‘ id
A —is AeB L D B c"
—id l(o,id) i J id

A’ B’ g‘ c c"

commutes. Because im (D — B”) C im (A” — B”) and A” — B” is injective,
there is a G-homomorphism D — A" which extends the above diagram. Sim-
ilarly, since im (D — C') C im (C" — C) and ¢’ — C is injective, there is an
analogous G-homomorphism D — C’. Since the resulting extended diagram
is commutative, it follows from (3.5) that the following diagram

H"YG,C") —— HY(G,A") —— HY(G,A)

| T

HY(G,C") —2— HY(G,D) —— HIY(G, A"

| | -

HYG,C") —— HI(G,C") —2> H(G,A),

id

id

id

commutes as well, which immediately implies the theorem.

(3.7) Proposition. Let {A, | ¢ € I} be a family of G-modules. Then

HY(G.PA) =P HUG, A).

Proof. If we set A =&, A,, we have from (1.5) a canonical isomorphism

A, = Home (X,, A) = (P Home (X,, 4,) = EP(A),,

L

and the proposition follows from the infinite commutative diagram

Ay . Ay

| |

T @(At)q—l - @(Ab)q —
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The same reasoning applies to the direct product [], A, in place of the direct
sum @, A,, using the evident isomorphism

(HAL)q = HomG(Xq,HAL) = HHomg(Xq,AL) = H(Ab)q‘

L

Therefore we also have
(3.8) Proposition. HI(G,[[, A,) =[], H4(G, A,)

The G-induced modules. We explained already in (3.3) that the exact co-
homology sequence yields isomorphism theorems in case the underlying exact
sequence contains a G-module with only trivial cohomology groups. A par-
ticular class of such G-modules are the G-induced modules, which we will
make use of in many of the proofs and definitions below.

(3.9) Definition. A G-module A is called G-induced if it can be represented
as a direct sum
A= @ oD

with a subgroup D C A.

In particular, the G-module Z[G] = @, 0(Z-1) is G-induced, and it is clear
that the G-induced modules are represented simply as the tensor products

Z|G)® D

with arbitrary abelian groups D. In fact, if we consider D as a trivial G-
module, we have the G-isomorphism

ZGloD=(Pzo)eD=PZoaD)=PoZxD).

ceG oeG oeG
More generally, we have
(3.10) Proposition. Let X be a G-induced module and A an arbitrary G-
module. Then the module X ® A is also G-induced.

By assumption X = @, ., oD, which implies

X®A:(@UD)@A’E@(aD)@(UA)%@J(D®A).

ceG ceG ceG

(3.11) Proposition. Let A be a G-induced module, and g a subgroup of G.
Then A is a g-induced g-module. If g is normal in G, then A9 is a G /g-induced
G /g-module.
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Proof. Let A= @,.;0D. Then we can write
A=PPor0 = BP0
oEg T oeEyg T
where 7 ranges over a system of right coset representatives of G with respect

to g. Hence A is g-induced.

Assume ¢ is normal in G. We show the G/g-module A9 has the representation
A9 = @ 7N,D.
T€G/g

Because of the direct sum decomposition A = @ ., oD, the sum on the
right side of the above identity is obviously direct. Since N,D C A9, it is also
contained in AY. Conversely, suppose a € AY9. The element a has a unique
representation as a = ) . 7d, with d; € D. If o € g, it follows that

a:aa:ZUTdTZZJTdm,

T€EG TG
and by uniqueness that d, = d,,. From this we obtain the representation
0= Y ot = Y (Y ) = 3 7).
T O0€Eg T oEg T

where 7 ranges over a system of left coset representatives of G/g. This proves
that A9 is G/g-induced.

(3.12) Definition. We say that a G-module A has trivial cohomology if
H%(g,A)=0
for all ¢ and all subgroups g C G.

The next theorem is crucial:
(3.13) Theorem. Every G-induced module A has trivial cohomology.

Proof. Because of (3.11) it suffices to prove H4(G, A) = 0, i.e., the sequence

-+ — Homg (X, A) N Homeg(Xg41,A4) — - -

is exact. Let A =@, ., 0D, and let 7 : A — D is the natural projection of A
onto D. Then the map f + mo f induces an obviously bijective homomorphism

Homeg(X,, A) — Hom(X,, D),

and we may identify Homg(X,, A) with Hom(X,, D). Therefore it suffices to
consider the sequence

.-+ — Hom(Xy, D) — Hom(Xy41,D) — - -,
which is exact by (1.7).
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Because G-induced modules have trivial cohomology, we obtain from (3.3)
a very important potential application of G-induced modules, using the fact
that every G-module A can be viewed as a submodule as well as a factor
module of a G-induced module, as we explain next.

As before, we denote by I the augmentation ideal of Z[G], and by Jg the
factor module Jg = Z[G]/Z-Ng. By (1.2) all terms in the exact sequences

0—Ig —Z[G] == Z —0,
0— Z 5 Z[G)— Jg —0.

consist of free Z-modules. From (1.8) we immediately conclude

(3.14) Proposition. For all G-modules A we have the exact sequences

0 —Ic®A—ZGE®A— A —0,
0— A —ZGA—Jg®A—0.

Since the G-module Z[G] ® A is G-induced by (3.10), these exact sequences
allow us to view A as a submodule as well as a factor module of a G-induced
module.

Because Z[G] ® A is cohomologically trivial, applying the exact cohomology
sequence to the exact sequences from Proposition (3.14) yields isomorphisms

§: HY'(g,A') — Hi(g, A) with Al = Jg ® A,
01 HitY (g, A™Y) — HY(g, A) with A=t =Io® A
for every ¢ and every subgroup g C G; this uses (3.3). We want to iterate this:

For every integer m € Z set
A" =Ja® - R Jg®A, ifm>0,
N———’

m-times

A" =Ig® - R Ic®A, ifm<O0.
|m|-times
From the composition of the isomorphism ¢ (resp. ') we obtain maps
HI= (g, A™) — HI~0n=D (g, A1) s .. s Hi(g, A)
and thus isomorphisms
oM HI™™ (g, A™) — H(g, A) (m e Z).
This shows:
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(3.15) Proposition. Let A be a G-module. There are G-modules

AM=Jg® - ®Jg® A (m >0), resp.

A=l ®Ic® A (m <0)
with the property that the m-fold composition of the connecting homomor-
phism § induces for every q and every subgroup g C G an isomorphism

o™ H1™™ (g, A™) — Hi(g, A) (meZ)

We will frequently use the isomorphism H9(g, A) = H?~™(g, A™) to deduce
from statements about cohomology groups of dimension g analogous state-
ments for a higher or lower dimension. In particular, this technique will allow
us to reduce many definitions and proofs to the case of zero-dimensional coho-
mology groups, which we understand much better that the higher-dimensional
analogues. This method is called the method of dimension shifting!'?).

The following theorem gives a first example of the usefulness of this method:

(3.16) Theorem. Let A be a G-module. Then HY(G, A) is a torsion groups
and the orders of the elements in H1(G, A) divide the order n of the group G

n- HY(G, A) = 0.

Proof. If ¢ = 0, then n - H°(G, A) = 0, because H°(G,A) = A%/NgA
and na = Nga for all @ € A%. The general case follows from this and the
isomorphism HY(G, A) = H°(G, A?).

(3.17) Corollary. A uniquely divisible'") G-module A has trivial cohomol-
ogy.

If A is divisible, the map ‘multiplication by n’, i.e., n-id : A — A, is bijective
for every natural number n, and therefore induces isomorphisms

n-id: H%g,A) — H%(g,A) (9 € G).
If n = |G|, it follows from (3.16) that H9(g,A) =n- H(g,A) = 0.

10 Cohomology theory can be based directly on this principle. In fact, by (3.15)
H(G,A) = H’(G, A"),
where A7 is given canonically by A: A = Jo ® ... ® Ja ® A for ¢ > 0, resp.
Al = 6 ®...® Ig ® A for ¢ < 0. Therefore one may define the cohomology
groups of the G-module A from the beginning as the quotient group
HY(G, A) = (A)C /N A“.
For cohomology theory developed along these lines, see C. CHEVALLEY [12].

D) An abelian group A is said to be uniquely divisible if for every a € A and every
natural number n the equation nx = a has a unique solution z € A.
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In particular, the G-module @ (on which the group G always acts trivially)
has trivial cohomology. From the cohomology sequence associated with the

exact sequence
0—Z—Q—Q/Z—0

we obtain

(8.18) Corollary. There is a canonical isomorphism

H?*(G,Z) = H'(G,Q/Z) = Hom(G, Q/Z) = x(G).
The group x(G) = Hom(G, Q/Z) is called the character group of G.

We end this section with the computation of the group H~2?(G,Z), which
plays an important role in class field theory. We denote the commutator sub-
group of G by G/, and its abelianization by G* = G/G".

(3.19) Theorem. There is a canonical isomorphism H~2(G,Z) = G*" .

Proof. Since Z[G] is a G-induced module, it has trivial cohomology, and we
obtain from the exact cohomology sequence associated with

0—Ig —Z[G] —~Z—0

the isomorphism 9 1
0:H “(G,Z) — H (G, 1)

Since H™Y(G,1g) = Ig/I% it suffices to produce an isomorphism G/G’ =
I /I%. (Note that G is written multiplicatively and I is written additively.)
For this we consider the map

G — Ig/I%, o+ (0 —1)+ I3,

Because o -7 —1=(c—-1)+ (1 —1)+ (0 — 1) - (7 — 1), this map is a homo-
morphism. Since I /1 é is abelian, the kernel of this homomorphism contains
the commutator subgroup G’, which implies that we have a homomorphism

log: G/G" — Ig/T%.

In order to show that the map log is bijective, we use that Ig is the free
abelian group generated by o — 1, where o € G \ {1}. Hence setting

c—1lr—0o-G
defines an evidently surjective homomorphism from Ig to G/G’. Because
(c—-1)-(r-1)=(or—1) (6 —-1)— (1= 1) — o100 '77'G' =1,
the elements in Ié lie in the kernel, so that we obtain a homomorphism
exp: Ig/1E — G/G', (0 —1)+ g — oG’

with the property that logoexp = id and expolog = id. Therefore the map
log : G/G’' — Ig/I% is an isomorphism.
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It is easy to see that for the G-module Z we have H (G, Z) = n,Z/IcZ = 0,
HY(G,Z) = Z/nZ, and H'(G,Z) = Hom(G,Z) = 0. Thus we have deter-
mined the cohomology groups H?(G, Z) of dimensions ¢ = —2,—1,0,1,2:

H2(G,Z)=G*, HY(G,Z)=0, H'(G,Z) =Z/nZ,
HY(G,Z) =0, H*(G,Z) = x(G).

We mention without proof that there is a canonical isomorphism (by duality)
H UG, Z) = x(HY(G,Z)) forall ¢ >0.

§ 4. Inflation, Restriction and Corestriction

In the previous section we studied the dependence of the cohomology groups
HY(G, A) on the module A; now we consider the behavior of these groups in
case the group G varies. This mainly concerns the following questions.

Let A be a G-module and let g be a subgroup of G. Then A is always a g-
module and A9 is a G/g-module, provided g is normal in G. What are the
relations among the cohomology groups

H(G/g,A%), H*(G,A) and H%(g, A) ?
We first restrict our considerations to the case of positive dimension ¢ > 1.

If g is normal in G, we associate with every g-cochain
x:G/gx---xGlg— AY

a g-cochain

y:Gx--xG— A
by defining y(o1,...,04) = z(01-¢,...,04 - g). We call this y the inflation
of = and denote it by )

y = inf z.

It is easy to see that the map z +— inf x is compatible with the coboundary
operator 0, i.e., 41 0inf = infod,1. Hence cocycles are mapped to cocycles
and coboundaries to coboundaries, and we obtain a map on cohomology:

(4.1) Definition. Let A be a G-module and g a normal subgroup of G. The
homomorphism

inf, : H1(G/g, A%) — HY(G, A), q>1,

induced by the homomorphism from the g-th group of cochains of the G/g-
module A9 to the g-th group of cochains of the G-module A is called inflation.
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Along with inflation we obtain another cohomological map by associating with

every g-cochain
r:Gx--xG— A

its restriction
y:gx---xg— A

from G x--- x G to g x---x g. We call this ¢g-cochain y the restriction of x

and denote it by
y =resx.

The crucial point here is again that the cochain homomorphism res commutes
with the operator 0, i.e., J;41 © res = res o Jy41, hence there is an induced
map on cohomology groups:

(4.2) Definition. Let A be a G-module and g a subgroup of G. The homo-

morphism
resq:Hq(G,A)—>H‘1(g,A), QZL

induced by the restriction of the cochains of the G-module A to the group g
is called restriction.

To make sure the cohomological maps defined above fit into the general theory,
we have to verify that they are compatible with the canonical homomorphisms
already given. This is the content of the following propositions.

(4.3) Proposition. Let A and B be two G-modules, g a normal subgroup

of G, and
f:A— B

a G-homomorphism. Then the following diagrams

H9(G/g,49) Lo 1G9, B9) HUG,A) T HUG,B)
inf, linfq resg resq
Hq(G7A) # Hq(GvB)7 Hq(gaA) ! Hq(g7B)

are commutative. In the second diagram the normality of g in G is not needed.

Note here that the G-homomorphism f : A — B induces a G/g-homomor-
phism f: A9 — BY as well as a g-homomorphism f: A — B.

(4.4) Proposition. Let
0—A—B—C—0

be an exact sequence of G-modules and G-homomorphisms, and let g be a
normal subgroup of G. If the sequence

0— A9 — B9 —CY—0

is also exact, then the diagram
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H(G/g,0%) —— HIY(G/g, AY)
inf, linfq+1

HY(G,C) —2— HIYG,A)
commutes.

(4.5) Proposition. Let
0—A—B—C—0

be an exact sequence of G-modules and G-homomorphisms, and let g be a
subgroup of G. Then the diagram

HY(G,C) °  HIYG, A)
resq resqg41

Hi(g,C) ° Hitl(g, A)
commutes.

Propositions (4.3), (4.4) and (4.5) are easy to verify. The proof of the last two
statements follows essentially from the fact that the inflation and restriction
maps commute with the operator 0, together with the definition of §. We
leave the details to the reader.

If we compose inflation and restriction, we obtain the following relation:

(4.6) Theorem. Let A be a G-module and g a normal subgroup of G. Then
0 — H'(G/g,A%) ™% H'(G, A) ™ H' (9, 4)

is exact.

Proof. To show the inflation map is injective, let x : G/g — A9 be a 1-cocycle
whose inflation inf z is a 1-coboundary of the G-module A. Then

infz(o)=x(c-g) =0a—a, acA

Hence we have for all 7 € g the equation ca —a = o7a — a, i.e., a = 7a which
implies a € A9. Therefore z(0g) = 0 - ga — a is a 1-coboundary.

In order to prove the exactness at the term H!(G, A), consider a 1-cocyle
x:G/g— A9 of A9. If o € g, it follows that

resoinf (o) = inf z(0) = z(og) = x(g) = x(1).
But now z(1) = (1-1) = (1) +z(1) = 0 which implies resoinf = 0. Therefore

iminf C kerres.
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Conversely, let x : G — A be a 1-cocycle of the G-module A whose restriction
to g is a 1-coboundary of the g-module A:

x(r)=1a—a, a € A, foral r €g.

If we subtract from z the 1-coboundary p : G — A, p(0) = 0a —a, 0 € G,
we obtain a 1-cocycle a’(0) = x(0) — p(o) in the same cohomology class with
/() =0 for all T € g. Then

(o —71)=2a'(0)+ 02/ (1) =2'(6) forallTeyg,
and, on the other hand,
'(t-0) =2 (1) +72'(c) = 72/ (0) forallT € g.

If we now define y : G/g — Aby y(o-g9) = 2'(c), we have y(o-g) € A9 because
y(o-g) = y(ro - g) for all T € g, and y defines a 1-cocycle with infy = z’.
This proves that kerres C iminf.

The analogue of Theorem (4.6) for higher dimensions holds only under certain
conditions:

(4.7) Theorem. Let A be a G-module and g a normal subgroup of G. If
Hi(g,A) =0 fori=1,...,¢—1 and q > 1, then the sequence
0 — HY(G/g, A% 2 H(G, A) 25 HI(g, A)

is exact.

We prove this by induction on the dimension ¢, using dimension shifting (cf.
§3.) and Theorem (4.6) as the initial induction step. If we set B = Z[G] ® A
and C = Jg ® A, we have from (3.14) the exact sequence

0—A—B—C—0.

Because H'(g, A) = 0, it follows from Theorem (3.4) that the sequence
0— A9 — B —C9—0
is also exact. Hence we have the following commutative diagram
0 —— HY(G/g,C%) = H'H(G,0) == H'(g,C)
I Js ls
0 —— H9G/g,A%) —2— HI(G,A) —=— Hi(g, A).

Since B is G-induced and g-induced, and BY is G/g-induced (cf. (3.10) and
(3.11)), the connecting maps § are isomorphisms (cf. (3.3)). It follows that

Hi(g,C) = H"(g,A) =0 fori=1,...,q—2.

Hence if we assume by induction that the upper sequence in the above diagram
is exact, then this also holds for the lower sequence.
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Of course, one will ask why we have introduced the maps inf and res only in
case of positive dimensions ¢ > 1 instead of defining such maps analogously
using cochains for all negative dimensions as well. However, this is not possible.
In fact, the crucial property of inflation and restriction is that by (4.4) and
(4.5) respectively they are transformed into one another through dimension
shifting by the operator §, and one would want this property to hold for a
general definition in all dimensions as well. Now for inflation it is necessary
to restrict to ¢ > 1; this follows essentially because if 0 = A - B — C — 0
is an exact sequence of G-modules, then 0 — A9 — B9 — C9 — 0 (g C G)
is in general not exact, i.e., the first sequence induces a §-homomorphism on
cohomology groups, but the second does not.

The situation is different for restriction, however. In fact, this map can be
extended to all dimensions ¢ < 0. For example, if ¢ = 0, one obtains from
a+ NgA——a+ N,A, ac A% C A9,
a homomorphism
resg : H°(G, A) = A°/NgA — H°(g, A) = AY/N, A,

with the property that Proposition (4.5) remains valid for ¢ = 0. We pin this
down in the following lemma:

(4.8) Lemma. Let 0 — A % B % C — 0 be an exact sequence of G-modules,
and let g be a subgroup of G. Then the following diagram commutes

H°(G,C) —— HY(G,A)

HO(Q,C) —5) Hl(gvA)

Proof. Let ¢ € CY be a 0-cocycle of the G-module C and ¢ = ¢ + NgC its
cohomology class. Then resp¢ = ¢ + N,C, i.e., c is also a 0O-cocycle for the
g-module C. If we choose b € B with jb = ¢, then jOb = dc = 0 implies that
there exists a 1-cocycle a1 : G — A such that ia; = 0b. By definition of § we
have 6¢ = @y, and therefore dresy ¢ = T€sya; = resja; = res;oc.

Unfortunately, a similarly elementary definition of the restriction maps res,
in dimensions ¢ < 0 cannot be given. Nevertheless, we will see that if such
a restriction is specified for a single dimension, say ¢ = 0, the compatibility
condition in (4.5) uniquely determines all other restriction maps. This leads
us toward an axiomatic approach to restriction as follows.
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(4.9) Definition. Let G be a finite group and g a subgroup of G. Then
restriction is the uniquely determined family of homomorphisms

res, : HY(G, A) — H(g, A), qe”Z,
with the properties:

(i) If g =0, then
resg : H°(G, A) — H°(g,A), a+ NgAw a+ N,A (ac AY).

(ii) For every exact sequence 0 - A — B — C' — 0 of G-modules and
G-homomorphisms, the following diagram is commutative

HY(G,C) ° HIY(GA)

resy resg41

Hi(g,C) ° H*(g,A)

The restrictions res, are obtained from resy by dimension shifting as follows:
By (3.15) we have the isomorphisms
89 : H°(G, A% — HY(G,A) and 67 : H%(g, A?) — H4(g, A),

given by the ¢-fold compositions of the connecting homomorphism ¢§. Condi-
tion (ii) now means that we have to define res, by the commutative diagram

HO(G,A9) %" HIG,A)
resg resy
}{0(9714q) __éi_+ liq(ga/4)

This also shows uniqueness of the restriction maps. In particular, the restric-
tions resq for ¢ > 0 defined in this way coincide with those introduced earlier.

It remains to show that the homomorphisms res, satisfy condition (ii). To this
end we consider the following diagram

HO(G, C9) 2 HY(G, A7)
res (71)[15(1 res
” H(g,C9) - l H'(g, A%)
HY(G,0) ° HONGA) e
res 5'-1 res

Hi(g,C) : H(g, A),
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where we have used that from the sequence 0 -+ A — B — C' — 0 we obtain
by induction using Proposition (1.2) and Lemma (1.9), the exact sequence

0— A?— B! — C?7—0.

In the above diagram the upper square commutes by (4.8). The commutativity
of the two side diagrams follows immediately from the definition of the restric-
tion maps by dimension shifting. The back and front diagrams are obtained
by composing ¢ squares of the type (3.6); hence by (3.6) they also commute.
Therefore the commutativity of the upper square implies the commutativity
of the lower square, which completes the proof.

Concerning an explicit description of the homomorphisms res, for ¢ < 0, i.e.,
the question of how the individual cocycles behave under these mappings, we
remark that only by extensive calculations one can achieve some results, which
in turn are hardly useful because they are far too technical. Nevertheless, our
remarks on p. 21 about the general nature of cohomological methods also apply
here. It is essentially the functorial properties of the restriction that come up,
and only in small dimensions, where we have a concrete interpretation of the
cohomology groups, we occasionally have to use an explicit description.

Using the isomorphism from Theorem (3.19), we point out a special case of a
restriction which is important for class field theory:

(4.10) Definition. Let ¢ C G be a subgroup. The homomorphism
Ver : G* — ¢°b

induced by the restriction res_o : H 2(G,Z) — H~2(g,Z) is called the
Verlagerung or transfer from G to g.

This canonical homomorphism can also be defined using group theoretic in-
stead of cohomological methods, although this requires some effort and in-
volves quite a bit of formulas. Cf. [16], 14.2.

In addition to restriction, there is another map in the opposite direction
corg : Hi(g,A) — HY(G, A),

the corestriction. As with restriction, corestriction is completely determined
once it is given for a single dimension. Nevertheless, before giving the general
definition, we explain this map in the two dimensions ¢ = —1 and g = 0:

In case ¢ = —1 we define a homomorphism
cor_y: H ' (g,A) — H (G, A)

b
Y a+ T Ar—satIgA  (a€ nyAC N A).
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In case ¢ = 0, we obtain a homomorphism
corg : HY(g, A) — H°(G, A).

b
Y a+ NygA+— Ngjga+ NgA (a € A9).

Here we let Ng/ga = >, cq/,00 € A% for a € A9, where ¢ € G/g means
that o ranges over a system of left coset representatives of g in G.

The following lemma is the analogon of (4.8) for the corestriction:

(4.11) Lemma. Let 0 — A % B % C = 0 be an exact sequence of G-
modules. Then the following diagram is commutative

H~Y(g,C) —2— Hg, A)
cor_1 lcoro

H YG,0) —2— H(G, A)

Proof. Let ¢ € y,C be a (—1)-cocycle for the class ¢ = ¢c+1,C € H'(g,C),
thus ¢ € y,C is a (—1)-cocycle for the class cor_1¢ = c+ IgC € H (G, C).
If we choose b € B with jb = ¢, we have jOb = Oc = Ngc = 0 which implies
that there exists a 0O-cocycle a € AY9 with ia = 0b = Nyb. By definition
dc = a = a + NyA, therefore coropdc = Ng/qa + NgA € H°(G, A). On the
other hand, dcor_1¢ = §(c + IgC). If we choose the same b € B with jb = ¢
as above, then 9b = Ngb = Ng/gNyb = Ng/q(ia) = i(Ng/ga) and we have
d(c+1gC) = Ng ga+NgA. Therefore corgéc = Ngga+NgA = 6 cor_1c.

Similar to restriction, we define corestriction using an axiomatic approach:

(4.12) Definition. Let G be a finite group, and let g be a subgroup of G.
Then corestriction is the uniquely determined family of homomorphisms

cory : Hi(g,A) — HY(G,A), qe€Z,
with the properties:

(i) If ¢ = 0, then
corg : H%(g,A) — H°(G,A), a+ NyAr Ngya+ NgA (a € AY).

(ii) For every exact sequence 0 — A — B — C' — 0 of G-modules and
G-homomorphisms, the following diagram is commutative

Hq(gac) —6> Hq+1(gaA)

Corg COrg41

HY(G,C) —2— HI(G, A).
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Exactly as for the restrictions, the homomorphisms cor, arise from the core-
striction corg in dimension 0 by dimension shifting:

From (3.15) we have the isomorphisms
89 : H°(G, A% — HY(G,A) and 6 : H°(g, A?) — H(g, A),
and by (ii) the map cor, is uniquely determined by the commutative diagram
H®(g, A7) —"— H1(g, A)
corg corg

HO(G, A7) — HY(G, A).

In particular, because of uniqueness and (4.11) we recover the homomorphism
cor_; introduced on p. 38. The fact that (ii) holds is verified in the same way
as for restriction using the following diagram, together with (4.11) and (3.6),

H™'(g.0) : HO(g, ATH)
cor (_1)q+16q+1 cor
§a+1 H‘l(G,Cq'H) [ l HO(G’ Aq+1)
Hq(gac) d Hq+1(g7A) (_1)q+16q+1
cor 6q+1 cor
HY(G,C) d HITY(@, A).

We remark that one can define the corestrictions for negative dimensions very
easily by a canonical correspondence between cochains, analogously to the
restrictions for positive dimension. However, we will not pursue this further.
In view of (4.10) we now want to prove the following theorem:

(4.13) Theorem. Let ¢ C G be a subgroup. The homomorphism

kg — Gob
induced by the corestriction cor_y : H%(g,Z) — H%(G, Z) coincides with
the canonical homomorphism induced by og’ — oG'.

This follows, using the proof of (3.19), from the commutative diagram

_ _ 1
H™2(9,Z) —>— H Y(g,1,) = I,/I? «=2— ¢

lcor,z lcor,l lm

H2(G,Z) —— H™Y(G,Ig) = Ig/T% 2~ Gab.
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The following relation between restriction and corestriction is important:

(4.14) Theorem. Let ¢ C G be a subgroup. Then the composition
HY(G, A) = Hi(g,A) =5 HY(G, A)
is the endomorphism
corores = (G : g) - id.
Proof. Consider the case ¢ = 0. If @ = a + NgA € H°(G, A), a € A, then
corgoresy(a) = corg(a+NyA) = Ng/ga+NgA = (G : g)-a+NgA = (G: g)-a.
The general case follows from this by dimension shifting. In fact, the diagram
HO(G, A7) =220, [0(@G, A9)

51 Jéq

Hq(G, A) corgoresg Hq(G, A)

commutes, and since the upper horizontal map is (G : g) - id, it follows that
the same holds for the lower horizontal map, i.e., cor,ores, = (G : g) -id.

Because the restriction and corestriction maps res and cor commute with
the connecting homomorphism ¢, they also commute with maps induced by
G-homomorphisms:

(4.15) Proposition. If f : A — B is a G-homomorphism of the G-modules
A, B, and g is a subgroup of G, then the following diagram commutes

HYG,A) T HIG, B)

res TCOI‘ res TCOI‘

Hig,A) ' Hg,B).

This is clear in case of dimension ¢ = 0, and the general case follows easily
by dimension shifting. In fact, the homomorphism f : A — B induces a
homomorphism f : A2 — B?, and in the following diagram

HO(G, A9) ! HO(G, BY)
res — 6(1 res
” HO(g, A7) ! l H'(g, BY)
HI(G, A) HY(G, B) .
cor 5{1 cor
res res
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all vertical squares are commutative. Hence the commutativity of the lower
diagram follows from that of the upper one.

Since the cohomology groups H4(G, A) are abelian torsion groups, they are di-
rect sums of their p-Sylow groups, i.e., the groups H?(G, A),, of all elements
in H4(G, A) of p-power order:

HY(G,A) = P HY(G, A),.

The group H(G, A), is often called the p-primary part of H%(G, A). For
the restriction and corestriction maps on these p-primary parts we have the
following:

(4.16) Theorem. Let A be a G-module, and G, a p-Sylow subgroup of G.
Then the restriction

res: HI(G,A), — HY(G,, A)
is injective, and the corestriction

cor: H1(G,,A) — HY(G, A),

is surjective.

Proof. Since corores = (G : G)) -id, and since (G : G,) and p are relatively

prime, the mapping H4(G, A), —— H%(G, A),, is an automorphism. Hence
if + € H1(G, A), and resxz = 0, it follows immediately from cor oresz = 0
that z = 0, which shows the injectivity of res on H4(G, A),.

On the other hand, H?(G,, A) consists of elements whose order is a p-power
(cf. (3.16)), so that cor H1(Gp, A) C H?(G, A)p. Since cor o res is a bijection
on H(G, A),, this inclusion is an equality.

We often encounter the problem that we want to show that certain cohomology
groups vanish. In many of these cases we will use the following consequence
of Theorem (4.16), which reduces this problem to the case of p-groups:

(4.17) Corollary. If for every prime p the group H1(Gp, A) = 0 for a p-Sylow
subgroup G, of G, then we have H1(G,A) = 0.

Proof. Since res : H1(G, A), — H(G,, A) is injective, the assumption im-
plies that all p-Sylow groups H(G, A), are trivial; thus H(G, A) = 0.

We end this section with a generalization of the notion of a G-induced module;
we will use this type of G-modules in global class field theory.
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(4.18) Definition. Let G be a finite group, and let g be a subgroup of G. A
G-module A is called G /g-induced, if it has a representation

A= @ oD,

ceG/g

where D C A is a g-module and o ranges over a system of left coset represen-
tatives of g in G.

For ¢ = {1} we obviously recover the G-induced modules from (3.9). As a
generalization of the cohomological triviality of G-induced modules, we have
the following result, which is often referred to as Shapiro’s Lemma:

(4.19) Theorem. Let A =D, ./, 0D be a G/g-induced G-module. Then
HY(G,A) = Hg,D);
this isomorphism is given by the composition
HY(G, A) =% H(g, A) ™ H(g, D),

where 7 is induced by the natural projection A — D.

We give a proof using dimension shifting. Let A = @, 0, D, where o; ranges
over a system of left coset representatives of G/g, in particular let o1 = 1. For
q = 0 we define a map in the opposite direction of the homomorphism

A /NgA X2 A9/N,A Z5 DI/N,D

by v: DI/NyD — A9 /NgA, v(d+ NyD) = 3" o0;d+ NgA. It is easy to
verify that (Tores)or =id and vo (7 ores) = id. Therefore 7 ores is bijective.

In case of arbitrary dimension ¢ we now set

Aq:JG®...®JG®A Aq:lG@"'@IG@A
Di=Jo® - - ®Jog®D resp. Di=Is® - - ®Ig®D
Di=J,® - ®@J,0D Di=1,® --®I,®D

depending on whether ¢ > 0 or ¢ < 0. Because A = @, 0;D we have
Ja=J, @ K, resp. Ie =1, K_4

with the g-induced modules

m

Ki=@ (> 20") and K =@ (Y207 - 1),

TEYG =2 TEY =2
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With (1.5) and (3.10) we obtain for all ¢ the canonical g-module decomposition
Di=DigC1
for some g-induced g-module C?. Using (3.15), we then obtain the diagram
HO(G,A%) ™ H°(g,A?) T H'(9, D) —"— H°(g,D")

Zlaq Zlaq Zl 59

Hq(G7A) —= Hq(gaA) Hq(g7D)a

=

in which the map 7, ores in the upper row in dimension 0 is bijective, and the
following map p is bijective because of (3.7) and (3.13). Since the composite
A1 s DT A D4 is induced by the projection A = D, we see that this
diagram commutes. Thus the bijectivity of the upper map p o 7, ores implies
the bijectivity of the lower map 7 o res.

§ 5. The Cup Product

In the previous section we have seen that the restriction and corestriction maps
are given by canonical data in dimension ¢ = 0, and induce corresponding
maps on cohomology in all dimensions. The same principle applies to the cup
product, which in dimension 0 is just the tensor product.

Let A and B be G-modules. Then A® B is a G-module, and the map (a, b) —
a ® b induces a canonical bilinear mapping

A% x B — (A® B)°,
which maps NgA X NgB to Ng(A® B). Hence it induces a bilinear mapping
H°(G,A) x H°(G,B) — H°(G,A® B) by (@,b) —> a@b ).

We call the element a ® b € H(G, A® B) the cup product of a € H(G, A)
and b € H°(G, B), and denote it by

aUub=a®Hb.

This cup product in dimension 0 extends to arbitrary dimensions:

(5.1) Definition. There exists a uniquely determined family of bilinear map-
pings, the cup product

U: HP(G,A) x H'(G,B) — H""(G,A® B), p.q € Z,
with the following properties:
12) As usual, we denote by @ the cohomology class @ = a + NgA of the element

a € A%, similar for b. Likewise, a ® b stands for the cohomology class a ® b =
a®b+ Ne(A® B) of a®@b € (A® B)°.
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(i) For p = q = 0 the cup product is given by
(@b) —aUb=a®b, ac H"G,A), bec H(G,B).

(ii) If the sequences of G-modules

0—A—A —A"—0
0—A®B—A®B—A"®B—0

are both exact, then the following diagram commutes
HP(G,A")x HY(G,B) Y HPTI(G,A" ®B)
§ 1 s
HPYY(G, A) x HY(G,B) Y HPYY(G,A® B)
so that §(a” Ub) = éa”’ Ub, @’ € HP(G,A"), be HY(G,B).

(iii) If the sequences of G-modules
0— B— B — B" —0,
0—A®B-—A®B — A®B" —0

are both exact, then the following diagram commutes
HP(G,A) x HY(G,B") “ HrtI(G,A® B")
1 ) (=1)P8
HP(G,A) x HITY(G,B) Y HPYY(G,A® B)
i.e., we have (5(EUB//) = (—1)p(6U65H), a € HP(G,A), v e HY(G,B").

The factor (—1)? in the last diagram is necessary and results from the an-
ticommutativity of the connecting homomorphism §, see below. One cannot
define a reasonable cup product omitting this factor.

As with the general restriction maps, we obtain the general cup product from
the case p =0, ¢ = 0 by dimension shifting'®.

We recall that we identify the G-modules A ® B and B® A, as well as the G-
modules (A®B)®C and A® (B®C) (cf. §1, p. 7). This automatically leads to
a corresponding identification of the cohomology groups of these G-modules.
In particular, we can write (cf. §3, p.29):

13) The readers who are mainly interested in applications of the cohomological cal-
culus won’t lose much by omitting the details of this shifting process. They will
be satisfied with the functorial behavior of the cup product and with its explicit
description in small dimensions (cf. (5.2), (5.6), (5.7) and (5.8)).
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APRB=Jg® - QJcRARB=(A® B)? and
ARBI=ARJa® - ®Jeg®B=Jg® - JcA® B=(A® B)4

for p,q > 0, and analogously for p,q < 0 with I5 in place of Jg. We will use
this freely below.

Because of Proposition (3.15) we may start with the case ¢ = 0, p = 0 and
determine the cup product by the following commutative diagram:

HO(G, AP) x HY(G, B1) —%— H(G,(A® BY)?) = H(G, AP ® BY)

| [s [+
(x)  HP(G,A) x H(G,B?) —*— HP(G,(A® B)?) = H?(G, A ® B)
1k oo
HP(G,A) x H1(G,B) —=— H"*(G,A® B)
It follows immediately from the conditions (i), (ii) and (iii) that the cup

product is unique. We use this fact to give an explicit description of the
cup product in terms of cocycles in the special cases (p,q) = (0,¢) and (p, 0):

(5.2) Proposition. If we denote by a, (resp. by) p-cocyles (resp. q-cocycles)
of A (resp. B), and by @, (resp. by) their cohomology classes, then

GoyUby =ag®b, and a,Uby=a,@by .

For the proof note that the products @y U b, and @, U by defined here satisfy
the conditions (i), (ii) and (iii) for (0,¢) and (p,0) respectively. This can
be seen directly from the behaviour of the cocycles under the corresponding
maps. Now if we consider the lower part of the diagram (x) for p = 0, resp. the
upper part for ¢ = 0, then we see that the product defined by the commutative
diagram () must coincide with the one defined by (5.2).

Thus everything boils down to showing that the product maps defined by ()
HP(G, A) x HY(G, B) — H"*9(G, A® B)
satisfy the conditions (ii) and (iii). To this end, consider the exact sequences
0—A—A — A" —0,

0 —AB—A®B—A"®B—0

4 Note that if by(o1, . . .,04) € B is a g-cocycle, then ap ® bg(o1,...,04) € AQ B
(ao € A%) is also a g-cocycle.
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and
0—B—B — B"—0,

0—A®B —A®B — A B”" — 0.

From these we get by (1.9) and (1.2) the exact sequences
0— A9 — AT — A" — 0,
0— (A®B)?!—(A®B)?!— (A"®B)1—0

and
0— B — B? — B"" — 0,

00— (A® B — (A® B — (A® B"? — 0,

and we have the diagrams

HP(G, A”) x H'(G, BY) . HP(G, (A" ® B)?)
(6,1) (—1)Pasa 5
(1,87 HP (G, A) x HY(G,B?) " HPH(G, (A® B)1)
HP(G,A”) X HQ(G’ B) v Herq(G, AH®B) (71)(11-%—1)-!15(1
(1,69)
(6,1) s
HP (G, A) x H1(G,B) ——2—— HPT+1(G, A® B)
and
H°(G, AP) x H1(G, B") v HI(G,(A® B")P)
(176) 517 6
(87.1) H°(G, A?) x H1*Y(G,B) HI*Y(G, (A® B)P)
HP(G, A) x H1(G, B") Y HPM(G,A® B") 5
(1,6) (5p,1) (71):0'6

HP(G, A) x HIV (G, B) ——%— HPta+1(G, A® B).

Here the left sides in both diagrams commute for trivial reasons. The right
sides are composed from ¢ (resp. p) squares as in (3.6), thus they commute as
well. The front and back sides commute by definition () of the cup product,
and the upper squares commute because of (5.2) and the remarks following it.
Since the vertical maps are bijective, the commutativity of the upper squares
implies the commutativity of the lower squares. This completes the proof.
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The axiomatic definition of the cup product in (5.1) does not give us an
explicit description of it; i.e., given two cohomology classes in terms of cocyles,
we are for now not in a position to decide which cocyle represents their cup
product in general. Only for the cases (p,q) = (0,¢) and (p,0) we have such
a description by (5.2). The attempt to give an explicit description of the cup
product for general p, ¢ (in particular for p < 0 and ¢ < 0) leads, however, to
major computational problems. Thus we find ourselves in a situation which is
similar to that of the restriction map, which admits a very simple description
in dimensions ¢ > 0, but not for negative dimensions. Nevertheless in both
cases we will need explicit computations only in low dimensions; given these,
one can manage knowing the functorial properties of these maps.

Before giving explicit formulas for small dimensions, we want to convince
ourselves that the cup product is compatible with the usual cohomological
maps defined above.

(5.3) Proposition. Let f : A — A" and ¢ : B — B’ be two G-
homomorphisms, and let f ® g: A® B — A’ ® B’ be the G-homomorphism
induced by f and g. If a € HP(G, A) and b € H1(G, B), then

f@ugb)=Ffeg (@ub) e H**(G, A" @ B').

This is completely trivial for p = ¢ = 0, and follows in general from a simple
dimension shifting argument. We have demonstrated this technique already
frequently enough to leave the details to the reader.

(5.4) Proposition. Let A, B be G-modules, and let g be a subgroup of G. If
a € HP(G,A) and b € HY(G, B), then

res(@Ub) =resaUresb € H?1(g, A® B),

and _ _
cor(resaUb) =aUcorb € HPT(G, A® B).

This follows again from the case p = ¢ = 0 by dimension shifting. In case
p = ¢ = 0 the first formula is immediate. For the second, let a € A% and
b € BY be 0-cocycles representing @ and b respectively. By definition (4.12) of
the corestriction in dimension 0, we have
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cor(resaU b) = cor(a ® b+ Ny(A® B))

= Z c(a®b)+ Neg(A® B)
ceG/g

= Y a®ob+ Ng(A® B)
ceG/g

=a® Z ob) + Ng(A® B)
ceG/g

=@ U corb.

We show that the cup product is anticommutative and associative:

(5.5) Theorem. Let @ € H?(G, A), b€ HY(G,B), and ¢ € H"(G,C). Then
aub=(-1)"(bUa) € H* 9 (G,B® A),

and _ _ _
(@ub)uc=auU (bUe)e HPT1"(G,A® (B® O))

under the canonical isomorphisms HP*4(G, A ® B) =2 HP*4(G,B ® A) and
HPH47 (G (A® B) ® C) = HPT9 (G, A® (B® C)). 1%

Again, this is trivial for p = ¢ = 0, and follows in general by dimension
shifting.

We now want to compute some explicit formulas for the cup product. For this
we denote by aj, (resp. b;) p-cocycles of A (resp. g-cocycles of B), and write
Gy, (resp. by) for their cohomology classes in HP(G, A) (resp. HY(G, B)).

(5.6) Lemma. We have @, Ub_; = 7y € H°(G, A ® B) with
o = Z a1(T) @ Tb_1.

TEG

Proof. By (3.14) we have the G-induced G-module A’ = Z[G] ® A and the
exact sequences
0—A—A — A" —0,
0—A®B—A®B—A"®B—0.
We think of A embedded in A’ and A ® B embedded in A’ ® B; to simplify

notation we do not explicitly write out these homomorphisms. Because of the
vanishing H' (G, A") = 0, there is a 0-cochain aj € A’ with a; = daf,, so that

15 More precisely, one should say that (-1)"9(bUa) is the image of @Ub under the
canonical isomorphism H?T9(G, A ® B) = H**9(G,B ® A) induced by A ® B =
B ® A, and similarly for the second formula. Cf. §1, p. 7.
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(%) ai(1) =Tay —aj forall T€G@G.

Let af € A"% be the image of ag in A”. By definition of the connecting
homomorphism §, we have @ = d(a{]), and we obtain

aUb_1 = 6@ Ub_y 2 s@g ub_y) P 6@l @b_1) = da @ b_1)
= Ng(aj ® b1 ZT&O®Tb 1 © Z(a1(7)+a6)®7b,1
TEG TEG
= Z(al(T) ®7b_1)+ay ® Ngb_1 = Z(al(T) ®7Tb_1)
TeG TeG

because Ngb_1 = 0.

In the following we restrict to the case B = Z and identify A ® Z with A via
a®n — a-n. Recall that from (3.19) we have the canonical isomorphism

(G, Z) = G*™.
If 0 € G, let T be the element in H~2(G,Z) corresponding to o - G' € G*P.

(5.7) Lemma. a; UG =a;(0) € H (G, A).

Proof. From the exact sequence
0 —> ARl — ARZ|G] — A —0

we obtain the isomorphism H~1(G, A) -5 HY(G, A® I). Thus it suffices to
show §(a; UT) = d(a1(0)). Using the definition of §, we now compute

0(aq(0)) =To with zo = Z Tai(o) @ T.
TEG
On the other hand, the proof of (3.19) shows that under the isomorphism

—2(G,z) 2 H7Y(G, Ig) the element & goes to d& = o — 1, hence we have

§@ue) Y (@ ui@) = —a U@ =1) =7,

For the cocyle yo we obtain from (5.6)
Yo = — Z a1 (1)@ 7(0c —1) = Z ar(1) @1 — Z ar (1) ® To.
TEG TeG TG

The 1-cocycle a; () satisfies a1 (1) = a1(70) — 7a1 (o). Substituting this into
the last sum, we find
Z 7'(11 ® TO.

TEG

Therefore yo — 20 = Y, cqTa1(0) @ 7(0 — 1) = Ng(a1(0) ® (o — 1)), which
shows that zo = 7v,.
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The following formula (5.8) is of particular interest for us. Note that if we take
an element @, in the group H?(G, A), it provides us with the homomorphism

@U: H (G, Z) — H°(G, A),
which maps each @ € H~2(G, Z) to the cup product a2 U € HY(G, A); we
thus get a canonical mapping from the abelianization G® to the norm residue
group AY/NgA. In class field theory we will consider a special G-module A for
which this homomorphism will be shown to be bijective; in fact, the resulting
canonical isomorphism G = A%/NgA is the main theorem of class field
theory. For this the following proposition will be important:
(5.8) Proposition. We have a; Uo = Y a2(7,0) € H(G, A).
Proof. We consider again the G-module A’ = Z[G]® A and the exact sequence
0—A—A A -0 (A =Jz®A). Since H*(G, A") = 0 there is a 1-
cochain a} € A} with ay = dd] i.e.,

(%) az(t,0) = 7a} (o) — a\ (7o) + ay (7).

The image af of @} is a 1-cocycle of A” such that @ = 6(a/). Therefore

@, Uz =) Uz =) 6@ Ug) ' 6(a](0)) = (ai(0) = 3 7ai(0)
T€EG
N wro)+ Y diro) =Y di(r) = Y as(r.0).

TEG TG TEG TEG

8§ 6. Cohomology of Cyclic Groups

So far we have introduced the basic cohomological maps and have studied
their functorial and compatibility properties. Now we will begin to prove the
central theorems of cohomology theory. We start with G-modules A, where G
is a cyclic group; the cohomology of these G-modules is particularly simple.

Let G be a cyclic group of order n with generator . Then we have for the
group ring

n—1
Z[G] :@Zoi, Ng=14+o0+---+o" !
i=0

and because 0% —1 = (6 —1)(c* "1 +...4+0+1) (k > 1), the augmentation ideal
I is the principal ideal of Z[G] generated by o — 1, i.e., I¢ = Z[G] - (0 — 1).

(6.1) Theorem. Let G be a cyclic group and let A be a G-module. Then
HY(G,A) = HI™(G, A) for allq € Z.
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Proof. Tt suffices to specify an isomorphism H~1(G, A) = H(G, A). Given

this, the general case follows from this by dimension shifting (cf. (3.15)), since
HYG,A) = H (G, AT = gYG, AT = H1P2(G, A).

The group Z; of 1-cocycles consists of all the crossed homomorphisms of G
in A; thus if x € Z1, then

Il
Q

z(a)

z(oF 1) + 2(0)=022(c*"2) + ox(0) + z(0)

E

olz(o) (k>1), and
i=0
x(1) = 0 because (1) = 2(1) + =(1).

It follows that Ngz(o) = Y1) o'z(0) = z(6") = 2(1) = 0, i.e., 2(0) € Ny A.

Conversely, it is easy to see that if a € y,A = Z_; is a (—1)-cocyle, then
k—1
z(c) =a and z(c")= Zala
i=0

defines a 1-cocyle. Therefore the map
x+— x(0)

is an isomorphism from Z; to Z_1 = n,A. Under this isomorphism the group
R; of 1-coboundaries is mapped to the group R_; of (—1)-coboundaries:

T € Ry <= x(0*) = 0%a — a with fixed a € A
<= z(0)=0a—a
<— z(0) € [cA=R_;.
Thus in the case of a cyclic group G we always have isomorphisms
H?*(G,A) = H(G,A) and H*T(G,A) = HY(G,A).

If
0—A—B—C—0

is an exact sequence of G-modules, we write the corresponding long exact
cohomology sequence in the form of an exact hexagon:

H-YG, A) H-Y(G,B)
H(G,C) H™Y(G,0)

HO(G, B) HO(G, A).

For exactness at the term H~!(G, A), note that the isomorphism H!(G, A) =
H~Y(G, A) from the proof of (6.1) fits into the commutative diagram
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H YG,A) — H_l(G,B)

! !
H'(G,A) —— H!(G, B),
so that the kernel of the map H'(G, A) — H'(G, B) corresponds to the kernel
of the map H~1(G, A) - H~ (G, B).

For many index and order considerations the notion of a Herbrand quotient
is very useful; in particular, it can be used to simplify the computations of
indices in abelian groups. Although it is of particular interest for G-modules
when G is a cyclic group, we want to introduce it in its most general form.

(6.2) Definition. Let A be an abelian group, and let f, g endomorphisms of
A such that fog = go f =0, so that we have inclusions im g C ker f and
im f C kerg. Then the Herbrand quotient is defined as

( )_(kerf:img)
.9\ = (ker g : im f)
provided both indices are finite.

We are mainly interested in the following special case:

Let A be a G-module with G cyclic of order n. Consider the endomorphisms
f=D=0-1 and g=N=14+0+---+0"}
where ¢ is a generator of GG. Obviously we have
DoN=NoD =0,

and c . ]
ker D =A%, imN = NgA; ker N = y, A, imD = IgA.

Hence if both cohomology groups H'(G, A) and H~1(G, A) are finite, then
|H(G,A)| _ |H*(G,A)|
) = e ) T mE. )
If this holds, we call A a Herbrand module. For these special Herbrand
quotients gp n(A) we want to use the following notation:

(6.3) Definition. Let G be a cyclic group and A a G-module. Then
_ |HY(G,A)| _ |H?*(G,A)
CHNG A) [HYG, A

h(A)

These special Herbrand quotients h(—) are multiplicative:
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(6.4) Theorem. Let G be a cyclic group and
0—A—B—C—0
an exact sequence of G-modules. Then
h(B) = h(A) - h(C)

in the sense that if two of these quotients are defined, then so is the third,
and equality holds.

Proof. Consider the long exact cohomology sequence, written as the hexagon

-1a,4) " HYG,B)

HO(G,0) HY(G,0)

fs f3
HOG.B) ,  H(G,A)

If we write F; for the order of the image of f;, then
|HY(G,A)| =Fs-F, |HYG,B)|=F-F, |HYG,C)|=F-Fs,
|HO(G,A)| = F3-Fy, |H°(G,B)|=F,-Fs, |HG,C)| =F;-F,
and therefore
) [H=H(G, A)| - |[H (G, C)| - |[H°(G, B)|
— |H NG, B)| - |HO(G, A)| - |[HY(G, O)].

Hence whenever two of the three quotients h(A), h(B), h(C) are defined, then
so is the third, and the identity (*) implies the formula h(B) = h(A)- h(C).

Another special case of a Herbrand quotients occurs when A is an abelian

group and f and g are the endomorphisms f = 0 and ¢ = n (n a positive
integer), i.e., g is the map ‘multiplication by n’ a +— n-a € A. Then

(A:nA)

qon(A) = ———

In fact, this is just a special case of what we considered above:

(hA={a€A|n-a=0}).

(6.5) Proposition. If the cyclic group G of order n acts trivially on A, then
h(4) = qon(A).
In particular, the Herbrand quotients ¢ ., are multiplicative!®):

16) We remark that under certain assumptions one can show multiplicativity for
general Herbrand quotients gy 4
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(6.6) Proposition. If 0 - A — B — C — 0 is an exact sequence of abelian

groups, then
q0,n(B) = q0,n(A) - 90,0 (C);

this again in the sense that the existence of two of these quotients implies the
existence of the third.

(6.7) Proposition. If A is a finite group, then we always have
qr.g(A) =1.

Proof. Because of the isomorphisms im f = A/ ker f and img = A/ ker g,
|A] = | ker f| - [im f| = | ker g| - [im g,

which implies the claim.

In particular, a finite G-module A has Herbrand quotient 2(A) = 1. This re-
mark, together with the multiplicativity shown in (6.4), implies the following:

If A is a submodule of finite index in the G-module B, then
h(B) = h(A).

It is in fact this statement that is most useful in applications of the Herbrand
quotient. If the direct computation of the order of the cohomology groups of
a G-module B is not possible, the above fact allows us to consider without
loss an appropriate submodule A, provided it has finite index. This type of
consideration historically motivated the definition of the Herbrand quotient.

In the following we will show how to determine h in case of a cyclic group G
of prime order p from the Herbrand quotients qg ;. For this we need:

(6.8) Lemma. Let g and f be two endomorphisms of an abelian group A
such that fog=go f. Then

0,95 (A) = 90,4(4) - g0,7(A),
where again all three quotients are defined whenever any two of them are.

Proof. Consider the commutative diagram with exact rows

0 — g(A) Nker f —— g(A) —L— fg(4) —— 0

l J !

0 — > ker f A— & fa) 0

We obtain the exact sequence
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0 — ker f/g(A) Nker f — A/g(4) — F(4)/fg(A) — 0,
o that (A: fg(A) _ (A:g(A))-lg(A) Nker f|

(A: f(A)) | ker f]
If we observe that
ker fg/kerg = g~ (g(A) Nker £)/g(0) = g(A) Nker /.

we in fact get (A:gf(4) (A:g(A) (A: f(A))

[kergf| — |kerg| | ker f|
It is easy to verify that all three quotients are defined, if two of them are.

Now we prove the important

(6.9) Theorem. Let G be a cyclic group of prime order p and A a G-module.
If g0, (A) is defined, then qo ,(A%) and h(A) are also defined, and

WA~ = o5 (A9)P [0, (A).

Proof. Let o be a generator of G and D = o —1. Consider the exact sequence

0— A A 21,40,

From the fact that IgA is a subgroup as well as a factor group of A, we
conclude immediately that if go ,(A) is defined, then g ,(IgA) is also defined.
Hence as a consequence of (6.6), go,(AY) is also defined, and we have

(%) 0.0(A) = q0p(A%) - qop(IcA).
Since G acts trivially on A%, it follows from (6.5) that go,(A%) = h(AY).

To determine the quotient go ,(IgA) we use the following interesting trick.
Since the ideal Z-N¢g = Z(Zf;ol o) annihilates the module Ig A, we can con-
sider IgA as a Z[G|/Z-Ng-module. Now the ring Z[G]/Z-N¢ is isomorphic
to the ring Z[X]/(14+X +. ..+ XP~!) with an indeterminate X . But the latter
is isomorphic to the ring Z[(] of integral elements of the field Q(¢) of p-th
roots of unity (¢ a primitive p-th root of unity), and the map o — ¢ induces
an isomorphism Z[G|/Z-Ng = Z[(]. In Z[(] we now have the well-known
decomposition p = (¢ — 1)P~! - ¢, e a unit, so that we can write

p=(c—1)P"1.e eunitinZ[G]/Z Ng.

Since the endomorphism induced by ¢ is an automorphism on I A, we find
qo,e(IgA) = 1. If we now apply Lemma (6.8), we obtain

Q0p(IcA) = qo.pr1(IcA) - qo-(IcA) = qo.p(IcA)" " =1/qpo(IcA)P".

Since N = Ng is the 0-endomorphism on I A, we also have
qO,p(IgA) = 1/qD,0(IG'A)p_1 = 1/qD)N(IG'A)p_1 = 1/]?,(](;A)p_1.
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In combination with (x), this implies
q0.p(A%) = h(A9), qop(IcA) = 1/h(IcA)" ™", qop(A) = o5 (A%) /AT A) ™.

On the other hand, the sequence 0 — AY — A — IgA — 0 gives the formula
h(A)P~H = h(AS)P~ - B(Ig AP,

and the claim h(A)P~! = gy ,(A%)?/qo ,(A) follows by substitution.

In global class field theory we will apply this theorem to certain unit groups,
about which we only know that they are finitely generated of known rank. We
show that this alone suffices to compute the Herbrand quotient; namely, from
(6.9) we get the following theorem of C. CHEVALLEY:

(6.10) Theorem. Let A be a finitely generated G-module, where G is a cyclic
group of prime order p. If « (resp. ) denotes the rank of the abelian group
A (resp. AY), then the Herbrand quotient h(A) is given by the formula

h(A) = pPB=e)/(p=1)

Proof. We can decompose A into its torsion group Ay and its torsion-free part
Ay A= Ag@ A;. Tt follows that A = A§ @ A, Since A is finitely generated,
Ay is a finite group, rank A; = rank A = o and rank A = rank A% = 3. Thus

h(AP™ = h(A)P™ = qop(AS)P /q0,5 (A1),
where g ,(AS) = (A§ : pAS) = p# and qo (A1) = (A1 : pAy) = p*.

§ 7. Tate’s Theorem

Many theorems in cohomology show that the vanishing of the cohomology
groups in two consecutive dimensions implies the vanishing in all dimensions.
One of the most important results of this type is the following Theorem of
Cohomological Triviality.

(7.1) Theorem. Let A be a G-module. If there is a dimension gy such that
H™(g,A) = H**!(g,4) =0
for all subgroups g C G, then A has trivial cohomology ™).

We will reduce the general case to that of cyclic groups G, where the result

is an immediate consequence of Theorem (6.1). It is clear that it suffices to
prove the following claim:

1) This means that H7(g, A) = 0 for all ¢ € Z and all subgroups g of G.
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If H9 (g, A) = H%*"1(g, A) = 0 for all subgroups g C G, then H%~1(g, A) = 0
and H®*2(g, A) = 0 for all subgroups g C G.

Moreover, by dimension shifting, it suffices to consider the case gy = 1. To see
this, note that if the claim holds for ¢y = 1, then the isomorphism from (3.15)

H*™ (g, A™) = H%(g, A)
implies H'(g, A?~1) = H% (g, A) = 0 and H?(g, A%~!) = HoFl(g, A) = 0.
Hence H9~(@0=1 (g, A%~1) = H9(g, A) = 0 for all q.

Assume H!(g, A) = H?(g, A) = 0 for all subgroups g C G. We need to show
(%) H(g,A) = H3(g,A) =0 for all subgroups g C G.
We prove this by induction on the order |G| of G; the case |G| =1 is trivial.

Thus we assume that we have proved (x) for all proper subgroups g of Gj it
remains to show H°(G, A) = H3(G, A) = 0. This is clear if G is not a p-group;
in this case all Sylow subgroups are proper subgroups, and (4.17) shows that
HO(G,A) = H3(G,A) = 0.

We may therefore assume that G is a p-group. Then there exists a normal
subgroup H C G such that the quotient G/H is a cyclic group of prime order.
By the induction assumption we have

HY(H,A)= H3(H,A) =0 aswellas H'(H,A) = H?(H,A)=0,
and, using (4.6) and (4.7), we obtain the isomorphisms
inf : H9(G/H,A") — HY(G,A) forq=1,2,3.
Now H'(G,A) = 0 implies H'(G/H, A”) = 0, hence H3(G/H, A") = 0 by
(6.1), and so H3(G, A) = 0.

Next H2(G, A) = 0 implies H%(G/H, A®) = 0, hence H*(G/H, A®) =0 (by
(6.1)), which means A% = Ng,yA” = Ng,u(NyA) = NgA; here we have
used H(H, A) = 0, i.e., A = NgA. Thus H°(G, A) = 0, which proves the
theorem.

If A and B are G-modules, consider the cup product, i.e., the bilinear map
HP(G,A) x HY(G, B) = H"*1(G, A® B).
For a fixed element a € HP(G, A), the map
aU: HYG,B) — HPT(G,A® B), b+ aUb (bc HY(G,B))

provides us with a whole family of maps. In the theorems below, we will use
the cup product in this way.

From the Theorem of Cohomological Triviality we deduce the following result:
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(7.2) Theorem. Let A be a G-module with the following properties: For each
subgroup g C G we have

I. H(g,A) =0,
II. H%g, A) is a cyclic group of order |g|.
If a generates the group H°(G, A), then the cup product map
aU : HYG,Z) — HY(G, A)

is an isomorphism for all ¢ € Z.

Proof. The module A itself is not suitable for the proof, since we need to use
the injectivity of the map Z — A, n — nag (ag + NgA = a), which induces
the cup product above for the case ¢ = 0 (cf. (5.2)). Hence we replace A with

B=AaZ[G)

which we can do without changing the cohomology groups. In fact, ifi: A — B
is the canonical injection onto the first component of B, then the induced map

EHq(g’A) —>Hq(g>B)

is an isomorphism, because Z[G] is cohomologically trivial. Now we choose an
ag € A% such that a = ag + NgA is a generator of H°(G, A). Then the map

f:Z— B with n——ag-n+ Ng-n.

is injective, because of the second term N¢ -n, and induces the homomorphism

f:HYg,Z) — Hi(g,B).
Using (5.2), we see that the diagram

HY(G,Z) *2 HIY(G, A)

7 [
HY(G, B)
commutes, thus it suffices to show f is bijective. This follows easily from (7.1):
Since the map f : Z — B is injective, there is an exact sequence of G-modules
(+) 0—z-B—Cc—o0.
Now H~Y(g,B) = H (g,A) = 0 and H'(g,Z) = 0 for all ¢ C G, which
implies that the corresponding exact cohomology sequence has the form
0— H'(g,C) — H(g,Z) L H (g, B) — H"(g,C) —> 0.

If ¢ = 0, then f is clearly an isomorphism, thus H~'(g,C) = H%(g,C) = 0. By
(7.1) the vanishing of two consecutive cohomology groups implies H9(g,C) =
0 for all ¢, and it follows from the exact cohomology sequence associated with
(x) that f: HY(G,Z) — H%(G, B) is bijective for all ¢, as claimed.

From (7.2) we obtain the following, very important result:
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(7.3) Tate’s Theorem. Assume that A is a G-module with the following
properties: For each subgroup g C G we have I. H'(g, A) = 0 and II. H?(g, A)
is cyclic of order |g|. If a generates the group H?(G, A), then the map

aU : H1(G,Z) — H"3(G, A)

is an isomorphism.

Addendum: If a generates the group H?(G, A), then resa € H?(g, A) gen-
erates the group H?(g, A). Thus we also have the isomorphism

resaU : Hi(g, Z) — HI?(g, A).

Proof. Consider the isomorphism §2 : H4(g, A?) — H%%2(g, A) from (3.15).
The assumptions I. and II. imply that H (g, A%) = 0, and that H(g, A?) is
cyclic of order |g|. Furthermore, the generator a € H?(G, A) is the image of
the generator §~2a € H°(G, A?). It follows from (5.1) that the diagram

HY(G,Z) _6%au HI(G, A?)

idl laQ
HYG,Z) —*=— H"™(G, A),

commutes. Since 6 ~2a U is bijective by (7.2), the map aU is bijective as well.

As for the addendum: Since cororesa = (G : g) - a, the order of the element
resa € H?(g, A) is divisible by |g|, hence resa generates H?(g, A) by II.

Tate’s Theorem can be generalized considerably. For example, we may replace
the condition “for all subgroups ¢ C G” by “for all p-Sylow subgroups”. In
addition, the shifting from ¢ to ¢ + 2 by two dimensions may be extended
(under suitable assumptions) to general dimensions. Finally, the G-module Z
may be replaced by more general modules'®). We do not discuss this in detail,
since the form of Tate’s Theorem presented here suffices for most applications.

For class field theory, the case ¢ = —2 is particularly important. In this case,

Tate’s Theorem yields a canonical isomorphism between the abelianization

G* = H=%(G,Z) of G and the norm residue group AY/NgA = H°(G, A):
G* — A% /NgA.

This canonical isomorphism is the abstract formulation of the main theorem

of class field theory, the so-called “reciprocity law”. For this reason, one can

consider Tate’s Theorem as the foundation for a purely group theoretically

formulated abstract version of class field theory. In the next part, we will
develop this idea in detail.

18) Cf. [42, IX, §8, Th. 13, p. 156].
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8 1. Abstract Class Field Theory

Local and global class field theory, as well as a series of further theories for
which the name class field theory is similarly justified, have the following
principle in common. All of these theories involve a canonical bijective corre-
spondence between the abelian extensions of a field K and certain subgroups
of a corresponding module Ay associated with the field K. This correspon-
dence has the property that if the subgroup I C A corresponds to an abelian
field extension L|K (the “class field associated with I”), then there exists a
canonical isomorphism between the Galois group G'r, |k and the factor group
Ag /1. This so-called reciprocity law is the main theorem of class field theory.

This main theorem can be traced back to a common system of axioms for the
concrete theories mentioned above which essentially consists of the assump-
tions in Tate’s Theorem (cf. I, §7); in fact one can view Tate’s Theorem itself
as the abstract version of the main theorem of class field theory. The notion
of a class formation is based on this idea. It separates the purely group
theoretic machinery, which is characteristic of class field theory, from the spe-
cific considerations of field theory, and gives in an easily comprehensible and
elegant way information about the goal and function of the theory.

Let G be a profinite group, i.e., a compact group with the normal-subgroup
topology®. We may think of G as the Galois group (endowed with the Krull
topology) of an infinite Galois field extension, although the abstract notions
in this section do not use this interpretation. The open subgroups of G are
precisely the closed subgroups of finite index. In fact, the complement of
an open subgroup is the union of (open) cosets, thus open, and since G is
compact, finitely many of these cosets cover the group G, hence the index is
finite. Conversely, a closed subgroup of finite index is open, because it is the
union of finitely many cosets, hence its complement is closed.

Given a profinite group G, we consider the family {Gx | K € X} of all open
subgroups of G, i.e., the closed subgroups of finite index. We label each such
subgroup with the index K, and call these indices “fields”.

The “field” Ky with Gx, = G is called the base field. If G;, C Gi, we write
formally K C L, and define the degree of such an extension L|K as
[L : K] = (GK : GL)
The extension L|K is called normal if G, C Gk is a normal subgroup of Gk.
If L|K is normal, then the Galois group of L|K is defined as the quotient
group
Gk =Gk/GL.

D We refer to [9], [28], [41] for the theory of profinite groups.
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An extension L|K is called cyclic, abelian, solvable, etc., if its Galois group
Grix = Gk /Gy is cyclic, abelian, solvable, etc. We define the intersection
and the compositum of such fields K; by setting

K= ﬂ K;, if Gk is (topologically) generated by the Gk, in G; and

i=1

n
K =]]Ki if Gk =i, Gk,
i=1
If G = 0Gro~! for o € G, then we write I’ = oL, and we call two extensions
L|K and L'|K conjugate in case L' = oL for some 0 € Gg. With these
notions, we obtain for each profinite group G a formal Galois theory.

In the following we consider modules A on which a profinite group G acts. In
this context it is important to keep the topological structure on G in mind.
The action of G on A should be in a certain sense continuous. More precisely,
it should satisfy one of the following, equivalent conditions:

(i) The map G x A — A with (0,a) — oa is continuous?,

ii) For each a € A the stabilizer {oc € G | ca = a} is open in G,
(i) p
(iii) A =J, AY, where U runs through all the open subgroups of G.

(1.1) Definition. If G is a profinite group and A is a G-module satisfying the
equivalent conditions (i)-(iii) above, the pair (G, A) is called a formation.

If G is the Galois group of a (infinite) Galois extension N|K, then G acts
on the multiplicative group N* of the field N, and the pair (G,N*) is a
formation. It is precisely this example that comes into play in local class field
theory, and one may use it as an orientation for what follows.

Let (G, A) be a formation. In the following we think of the module A as
multiplicatively written. Let {Gx | K € X} be the family of open subgroups
of G, indexed by the set of fields X. For each field K € X we consider the
fixed module associated with K, i.e.,

Ag =A% ={ac A|loa=aforall o € Gg.}

In the class field theory example mentioned above, we obviously have Ax =
K* If K CL,then Ax C Ay,

If L|K is a normal extension, then Ay, is a G x-module. When we call the
pair (G, A) a formation, we basically mean by this the formation of these
normal extensions L| K, together with the G'1|x-modules Ap.

2) Here A is interpreted as a discrete module.
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We consider now for each normal extension L|K the cohomology groups of
the G |g-module Ay . For simplicity of notation, we set

HY(L|IK) = HY(G Lk, AL)-

If N D L O K is a tower of normal extensions of K, we have inclusions
Gy € G € Gk with Gy and G normal in Gk, and cohomology theory
yields the homomorphism

G 1n
HY(Gpx, AL) = HI(Gpx, A"") — - HY G Nk, AN),
in other words
HY(L|K) 2 H9(N|K)  forq > 1.

In addition, we also have the restriction and corestriction maps

cor

HY(Gn|k,An) — HY (G, Ay) and HY (G, An) = HY(G ik, AN),

that is, for every integer ¢ homomorphims

HYN|K) =% HY(N|L) and HY(N|L) <5 HY(N|K).

Here we need only need to assume that N|K is normal. If both N and L are
normal, then the sequence

1 — HI(LIK) 2 q9(N|K) 225 HI(N|L)
is exact for ¢ = 1, and exact for ¢ > 1 if HY(N|L) = 1 fori=1,...,q— 1
(ct. I, (4.7)).
If L|K is normal and o € G, then
G — oo G,
defines an isomorphism between G'1 |k and G,r|,x, and
a+— oa

an isomorphism between Ay and A,r. Since (070 'G,r)oa = o(rGr)a,
these isomorphisms are compatible, and we obtain an equivalence between
the G| g-module A7, and the G, 1|, x-module A,7. Thus every o € G yields
an isomorphism .

HY(L|K) 2= Hi(oL|oK).
Using the equivalence of the modules Ay, and A,p, it is easy to see that the
isomorphism ¢* commutes with inflation, restriction and corestriction.

We call a formation (G, A) a field formation when for each normal extension
the first cohomology group vanishes:

HY(L|K) =1.
In a field formation the sequence

1 — H2(LIK) 2 H2(N|K) 285 H2(N|L) (N2 L2 K)
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is always exact (cf. I, (4.7)). We will soon see that the example mentioned
above, where G is the Galois group of a Galois field extension and A the
multiplicative group of the extension field, represents such a field formation.
If N O L O K are normal extensions, then we can always think of the group
H?(L|K) as embedded in the group H?(N|K), since the inflation map

H2(L|K) 2% g2(N|K)

is injective. The presentation of class field theory will become formally espe-
cially simple, if we take this identification one step further. If L ranges over
the normal extensions of K, then the groups H?(L|K) form a direct system
of groups with respect to the inflation maps. Taking the direct limit

H( IK)=117H;H2(LIK)

we obtain a group H?( |K) in which all the groups H?(L|K) are embedded
via the injective inflation maps. If we identify these groups with their images
under this embedding, then H?(L|K) become subgroups of H?( |K), and

H*( |K) =] H*(L|K).
L
In particular, if N O L O K is a tower of normal extensions of K, we have so

H*(L|K) € H*(N|K) € H*( |K).

We strongly emphasize that the inflation maps are to be interpreted as inclu-
sions here. An element of H?(N|K) is regarded as an element of H?(L|K) if
it is the inflation of an element of H?(L|K).

Remark. Let Gx be a profinite group and let A be a Gx-module. Exactly
as for finite groups, we can define cohomology groups H?(Gk, A), ¢ > 0 by
taking as cochains the continuous maps Gi X ... x Gxg — A. Then (cf. [41])

HY(Gx, A) = HI( |K) = lim HY(L|K).
L

Given any extension K'|K of K, we obtain a canonical homomorphism
H*( |K) =55 52 (O |K).
In fact, if c € H?( |K), then there is an extension L D K’ D K, so that c is
contained in the group H?(L|K), hence the restriction map
H?(LIK) =5 H?(L|K')
defines an element
resgrc € H*(L|K') C H*( |K').
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The map ¢ — resk-c is independent of the choice of the field L O K’; this fol-
lows from the trivial fact that restriction commutes with inflation, which is in-

terpreted as inclusion. The restriction of the map H?( |K) —— resses —5 H?( |K')
to the group H?(L|K) (L 2 K’ D K) gives back the usual restriction map
H*(L|K) =% H*(L|K").

From this we immediately obtain

(1.2) Proposition. Let (G, A) be a field formation. If K'|K is normal, then
1 — HY(K'|K) 2% B2 |K) ™ B2 (|K)

is exact.

The fundamental assertion in both local and global class field theory is the
existence of a canonical isomorphism, the so-called “reciprocity map”

Gk = Ak /NL kAL

for every normal extension L|K, where G?‘)K is the abelianization of Gk and
Np kAL = Ng,, AL is the norm group of Ar. Because of Tate’s Theorem, we
can force the existence of such an isomorphism in abstracto by imposing the
following conditions on our formation (G, A): If L|K is any extension, then

I. HY(L|K) =1 and II. H?(L|K) is cyclic of order [L : K].

If this holds, then the cup product with a generator of H?(L|K) gives an
isomorphism

Gk = Ak /Ny AL

However, there is a certain arbitrariness to this isomorphism, since it depends
on the choice of the generator of H?(L|K). In order to get a “canonical”
reciprocity map, we replace II. by the condition that there is an isomorphism
between H2(L|K) and the cyclic group TR K] Z/Z, the so-called “invariant
map”, which uniquely determines the element ur x € H 2(L|K) with image
ﬁ + Z. The crucial point here is that this element uy,x remains “correct”
when passing to extension fields and subfields, which we ensure by imposing
certain compatibility conditions on the invariant map.

These considerations lead us to the following

(1.3) Definition. A formation (G, A) is be called a class formation if it
satisfies the following axioms:

Axiom I. H'(L|K) = 1 for every normal extension L|K (field formation).

Axiom II. For every normal extension L|K there exists an isomorphism
vy ik« H (LK) — migZ/Z,

the invariant map, with the following properties:
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a) If N D L D K is a tower of normal extensions, then
invL|K = inVN|K‘H2(L\K)'
b) If N D L D K is a tower of extensions with N|K normal, then

invy|z oresy = [L: K] -invy k.

Remark. Formula IT b) becomes almost obvious if one replaces it by the
commutative diagram

invy|x

H?(N|K) ﬁZ/Z

resr, L[L:K]

H2?(N|L) —X& ~nZ/Z.

The extension property II a) of the invariant map implies that if H?( |K) =
U, H%(L|K), then there is an injective homomorphism

invg : H*( |K) — Q/Z.

For this map we obtain from formula II b) the following relation: If L| K is an
arbitrary extension of K, then

invy oresy, = [L: K| -invg,

where resy, is the homomorphism H?( |K) =% H?( |L) defined on p. 66.
Conversely, we recover from this equality formula II b), since invy/z, (resp.
inv k) is the restriction of invy, (resp. invg) to H2(N|L) (resp. H*(N|K)).

Together with the formulas of Axiom II, we immediately obtain additional
formulas for the corestriction map cor and the conjugate map o* (cf. p.65).

(1.4) Proposition. Let N D L D K be extensions with N|K normal. Then
a) invy|gc=invy ke, if L|K is normal
and c € H*(L|K) C H*(N|K),
b) invyp(respe) = [L: K] - invy ke, for c € H?*(N|K),
¢) invy|g(corge) = invy e, for ¢ € H*(N|L),

d) inv,njex(0¥c) = invy ke, for c € H*(N|K) and o € G.

Proof. a) and b) are just restatements of the formulas in Axiom II.

¢) The commutative diagram on p.68 immediately implies that the map
H?*(N|K) =25 H?(N|L) is surjective. Hence for every ¢ € H?(N|L) we have
c=respé ¢ € H*(N|K), and so corge = corg (resp.é) = el (cf. 1, (4.14)).
Thus, by b), inv | (corge) = [L : K]-invyg(¢) = invyp(rest €) = invy e
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d) Let N be a normal extension of the base field Ko corresponding to the
group G such that N contains N. Then oN = N i.e., the map a — oa
defines a G 5 MK, -automorphism of the G 5, -module A such that

0 |Ko N

o* : H}(N|Ky) — H?*(N|Ky)

is the identity map on H2(N|Kj). Since o* commutes with inflation (inclusion)
and corestriction (cf. p. 65), we have by a) and c) for every ¢ € H?(N|K)

inv,yjox(0"c) = ianoK(U*c) = vy g, (corg,(c%c)) =

_— . o e
v g g, (o*corg,c) = 1nVN|KO(C0rKOC) =iV ¢ = vy ke

Now we can distinguish a “canonical” generator in each group H?(L|K).

(1.5) Definition. Let L|K be a normal extension. The uniquely determined
element ur, x € H*(L|K) such that

iIIVL|K(’U,L‘K) == [Lill(] + Z
is called the fundamental class of L|K.
From the behavior of the invariant map described in Proposition (1.4), we see
how the fundamental classes of different field extensions are related.

(1.6) Proposition. Let N O L D K be extensions with N|K normal. Then

ur e = (un )N, if LIK is normal,
reSL(UN|K> = UN|L>

corge (un|z) = (un|k)
O'*(’LLN‘K) = UgN|ocK for o € G.

[L:K]

2L ze

Proof. Since two cohomology classes are equal if they have the same invari-
ants, the proposition follows from

a) invy g ((un ) NH) = [N 2 L] - inv g (un ) = WK tL=mr tZ
= invy g (ur|x) = vy g (g x),

b) invyz(resp(unikx)) = [L : K] -invy g (unx) = [ ] +Z = [N 7] +Z
= invy|z(unL),

c) invy|g(corg (unir)) = invyp(unL) = [NI:L] +Z= [[ﬁf(]] +Z

= [L: K] vy (uny) = vy ((un ) F5)

)

d) ianN|UK(U*uN|K) = iHVN\K(UN|K) = ﬁ +Z= [UNilaK] +Z
= invoN\o’K(ua'NbK)'
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Now we apply Tate’s Theorem, I, (7.3) to obtain the main theorem of class
formations.

(1.7) Main Theorem. Let L|K be a normal extension. Then the map

up g U H(Gp, Z) — HIP?*(L|K)

given by the cup product with the fundamental class ur|x € H?*(L|K) is an
isomorphism in all dimensions q.

For ¢ = 1,2 we immediately obtain
(1.8) Corollary. H?*(L|K) =1 and H*(L|K) = x(Gp k).

Proof. We have H*(L|K) = H'(Gpx,Z) = Hom(Gpk,Z) = 0, and
HY(LIK) = H*(Gp ik, Z) = H (G 1k, Q/Z) =Hom(Gp ik, Q/Z) = x(GLk);
here the second isomorphism H?(Gpx,Z) = H' (G x,Q/Z) follows from
the exact cohomology sequence associated with 0 = Z — Q — Q/Z — 0,
using that the G| g-module @ is cohomologically trivial (since Q is a uniquely
divisible group).

Since we do not have a concrete interpretation of the groups H?(L|K) in
case ¢ = 3,4, or generally for all cohomology groups of higher dimension %),
Corollary (1.8) has no immediate concrete application. However, if ¢ = —2,
then we have such an interpretation because of the canonical isomorphisms

G%}\)Kg “?(Grik,Z) and H°(L|K) = Ag /Ny kAL

Thus we obtain the following important general reciprocity law:

(1.9) Theorem. Let L|K be a normal extension. Then the cup product map
up U H (G, Z) — HO(L|K)
yields a canonical isomorphism
Ok : Gt — Ak /Ny AL

between the abelianization of the Galois group and the norm residue group
of the module.

The isomorphism 67, in Theorem (1.9) is called the Nakayama map. Using
I, (5.8) we can give an explicit description of this map as follows:

3 Recently, however, the case ¢ = —3 has been found to have a beautiful application
in connection with the solution of the “class field tower problem” (cf. [14] and
[41], Ch. I, 4.4).
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If u is a 2-cocycle representing the fundamental class upx, then we have
Ok (oG k) = { H U(TJ)] “NpxAr
TGGL‘K

for all JG/L|K € GaL‘TK = GL‘K/G’L‘K.

Despite this description, it turns out that the inverse isomorphism of 0,
AK/NL|KAL — Gille,

which is also called the reciprocity isomorphism, is often more accessible,
and also more important, in particular for local and global class field theory.
It induces a homomorphism from Ag onto G%]TK with kernel Ny g Ar. This

homomorphism is called the norm residue symbol ( ,L|K). Hence we
have the exact sequence
( ,L|K) ab
1 — NygAp — Ag ——— Gty — 1,
and an element a € Ak is a norm if and only if (a, L|K) = 1.

The following lemma establishes a relation between the norm residue symbol
( ,L|K) and the invariant map invyg, which will be useful later.

(1.10) Lemma. Let L|K be a normal extension, a € Ak, and @ =
a-Np AL € HY(LIK). If x € X(G%‘TK) = HY(Gpk,Q/Z) is a character,

then

\((a, LIK)) = invy i (@U 6Y) € i Z/Z.

In this formula, the symbol dy denotes the image of x under the isomorphism
s
Hl(GL|K7 Q/Z) - HQ(GL\K7 Z))
which is obtained from the exact sequence
0—Z—Q—Q/Z—0.

Note that the above formula provides us with a characterization of the norm
residue symbol (a, L|K) in terms of the invariant map, since an element of
G%?K is uniquely determined by its values under all characters.

Proof. To simplify notation we set
0o = (a,L|K) € G = H (G, Z)
and denote by 7, the element in H 2 (GLk,Z) corresponding to o, under
the above isomorphism. By definition of the norm residue symbol, we have
a=urxUo, € H (G x,AL).
Since the cup product is associative and commutes with the d-map, we obtain

aUox = (ug|x Ud,) Udx = upjx U(d, UdxX) = urjx Ud(Ga U X).
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By I, (5.7) we further have
GaUX=xX(0a) = s +Z € Z/Z =H ' (GLx,Q/Z),
where n = [L : K]. Hence taking 0 : H~ (G x,Q/Z) — H°(Gp |k, Z) gives
§(x(00)) =n(t +Z)=r+nZ € H (G x,Z) = Z/nZ,

and therefore
audx =urx U (r+nZ)=upg.

From this we get

invy g(@Udx) =r-invyg(upx) =~ +Z = x(0a)-

The conditions on the behavior of the invariant map under the inflation (inclu-
sion) and restriction maps in Axiom II of the definition of a class formation
already determines how the norm residue symbol behaves when passing to
extension and subfields. We summarize this in the following theorem.

(1.11) Theorem. Let N O L D K be a tower of extensions of K with N|K
normal. Then the following diagrams are commutative:

a)
N|K o
Ax ( | ) GJ\IID\K
id ™

hence (a,L|K) = n(a, N|K) € GaL]TK for a € Ak, if L|K is also normal (in

addition to N|K ). Here 7 is the canonical projection of G?Vb‘K onto G%?K.

b)
,N|K a
Ax ( |K) GJ\?\K
incl Ver
,N|L a
A ( IL) GJ\/]?|L

hence (a, N|L) = Ver(a, N|K) € G?\}"L for a € Ak. Recall that the Ver-

res

lagerung (transfer) is induced from H=*(Gy\k,Z) — H *(Gn|1, Z).



§1. Abstract Class Field Theory 73

c)
,N|L al
AL ( | ) G]\]]JIL
Np ik K
,N|K
Ax ( | K) GN|K

hence (Npga, N|K) = k(a,N|L) € GN‘K for a € Ap, where k is the

canonical homomorphism from G NL into G2> Nk

d)
,N|K)
Ak ( ‘ GN\K
,oN|oK)
Aok ( | GGN\UK

hence (oca,oN|oK) = o(a, N|K)o~! for a € Ak, where for o € G, the

maps A % Ayi and G2P . 2 G?])\”UK are a— oa and T — oTo L.

N|K

All statements follow essentially from the formulas for the behavior of funda-

mental classes under extension given in Proposition (1.6). More precisely:

a) Let x € x(Grjx) = H' (GLix,Q/Z), inf x € H' (G Nk, Q/Z). Then

x(7m(a, N|K)) = inf x((a, N|K))=inv k(@ U é (inf x)) :invN|K(E Uinf(dx))
= inv |k (inf(@ U (6x))) = invy r(@U dx) = x(a, L|K)

by (1.10). Since this identity holds for all characters x € x(Gpk), we obtain

m(a, N|K) = (a, L|K).

For the proof of b) and ¢) we need to convince ourselves that the diagrams

A —— HON|K) <25 H2(Gyix. Z) —=> Gy
incl res res Ver
Ap —— HO(N|L) uN‘LU H72(GN\L72) — GN|L7
0 NILU —92 ab
NL‘K cor cor K
N|KU

Ax — HY(N|K) H2(Gnk,Z) = G?\]ﬂx

commute. This follows for the left squares from I, (4.9) and from the def-
inition given in I, p.38. For the right squares we refer to I, (4.10) and I,



74 Part I1. Local Class Field Theory

(4.13). The middle squares commute since for z € H*2(GN‘K,Z), resp.
2" € H%(G 1, Z), we have by (1.6) and I, (5.4) the following identities

res(uy|gx U z) = res(un|x) U (resz) = uy|p U (resz), resp.

cor(uyr Uz") = cor(res(uy|x) Uz2") = un|x U (corz’).
The proof of d) is analogous and left to the reader.

Note that we could not argue similarly in the proof of (a), since inflation is
only defined for positive dimensions; here Formula (1.10) has proved useful.

The essential statements of class field theory are the reciprocity law (1.9) and
the properties of the norm residue symbol. In a concrete case, for example, for
local or global class field theory®, the development of the theory will be made
considerably more concise by the abstract presentation given in this section,
that is, by anticipating the purely group-theoretic part. It leaves us the task
to verify Axioms I and II of class formations; however, we admit that there
are only very few cases where this is easy.

We want to extract some consequences of the theorems we have proved so far.

If L|K is normal, then the abelianization G%‘TK is the Galois group of the

maximal abelian extension L*"|K contained in L, and the reciprocity law
gives an isomorphism between the Galois group of this extension and the norm
residue group Ag /N xAr. We will now show that these abelian extensions
are uniquely determined by their norm groups, in fact, that the entire structure
of these abelian extensions of K is uniquely reflected in the group Ag of the
given base field K.

A subgroup I of Ak is called a norm group if there is a normal field extension
L|K such that I = Ny xAr. The following theorem shows that every norm
group I = Np g Ay is indeed the norm group of an abelian extension of K,
namely, the norm group of the maximal abelian field L?" in L.

(1.12) Theorem. Let L|K be a normal extension and L2 the maximal
abelian extension of K contained in L. Then

NL|KAL = NLablKALab g AK

4 In addition to these, there are other interesting examples of class formations.
For example, the theory of Kummer fields (cf. Part III, §1). One can even show
that for each profinite group G there is a G-module A such that (G, A) is a class
formation.
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Proof. The inclusion Ny g A C Npav g Apas follows from the multiplicativ-
ity of the norm. The reciprocity law gives isomorphisms

AK/NL|KAL = %?K = GLabIK = AK/NLab‘KALab,

and (Ag : NpjgArL) = (Ax @ NpasgApas) < oo implies that we have the
equality Nz g A = Npav g Apan.

(1.13) Corollary. The index (Ak : NpxAr) divides the degree [L : K| with
equality if and only if L|K is abelian.

In fact, (A : NpjgAL) = (A : NpawgApa) = [L* : K] is a divisor of
[L: K], and is equal to [L : K| if and only if L = L2 i.e., if and only if L|K
is abelian.

(1.14) Theorem. The norm groups I of Ax form a lattice. The map
L— I = NL|KAL

gives an inclusion reversing isomorphism between the lattice of abelian exten-
sions L of K and the lattice of norm groups I of Ax. Hence we have

I, 21, <= L1 C Loy Ip,.p,=1Ip,NIr,y Ipnp, =11, - 1Ip,,
if L1 and Lo are abelian extension fields.

Moreover, every group I C Ak containing a norm group is itself a norm group.

Proof. If Ly and Lo are two abelian extensions of K, it follows from the
multiplicativity of the norm that Ir,,.r, € Iy, NIp,. If a € I, N1Iy,, then the
element (a, Ly-Lo|K) has trivial projections (a, L1|K) =1 and (a, L3|K) =1
in G,k and Gp, |k, i-e., (a,L1-L2|K) = 1, so that a € Ir,.,. This proves
In,.L, = I, NI,. Given this, we obtain further

ILl 2]];2 <:>IL1 ﬂILz ZIL2 :IL1~L2 =4 [Lng:K] = [LQIK] < Ly C Lo.

Since every norm group is already the norm group of an abelian extension
((1.12)), we conclude that the map L — I, is a inclusion reversing bijection
between the set of abelian extensions L|K and the set of norm groups. The
remaining statements are obvious consequences of this correspondence.

The above theorem shows that to understand the abelian extensions it is im-
portant to give a characterization of the norm groups using only intrinsic
properties of the group Ax of the underlying base field K. For the concrete
class formations we are interested in such a characterization is possible, be-
cause in these cases there is a canonical topology on the group Ax and the
norm groups turn out to be the closed subgroups of finite index. This result
is also called the Existence Theorem, since it shows the existence of an
abelian extension L which has a given closed subgroup I of finite index in
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A as its norm group. This (uniquely determined) field is called the class
field associated with the group I. One can derive such an existence theorem
in the theory of abstract class formations by adding certain existence axioms
to Axioms I and II. However, since we do not need this for our applications,
we only refer the interested reader to [42].

To complete this section we consider the norm residue symbol from a universal
viewpoint. If we start with a field K, then the groups Gzﬁ’ ¢ form a projective
system of groups, namely, the projective system of Galois groups of all abelian
extensions of K. We denote the projective limit of this system by

G = lim Gt
In the case where we are dealing with actual field extensions L|K, G4 is the
Galois group of the maximal abelian extension over K. We can also write
G =lm Gk,

where L ranges over all abelian extensions of K. For every a € Ay the elements
(a,L|K) € G%]TK form by (1.11a) a compatible system of elements in the

projective system of Gi‘TK. Taking the limit, we obtain a unique element
(a, K) = lim(a, L|K) € G35
which is called the universal norm residue symbol of K. If
7 G — GBL”TK
are the individual projections from G%? onto the Galois group G?f}{’ then the
element (a, K) € G2 is uniquely determined by the identities
mr(a, K) = (a, L|K).

The universal norm residue symbol yields a homomorphism Ax — G4 whose
kernel and image we describe in the following theorem:

(1.15) Theorem. The kernel of the homomorphism
Ax ( K) G%)
is equal to the intersection of all norm groups

Dy = n NpikAr,
L
and its image is dense in G2 (with respect to the normal-subgroup topology).

Proof. We have (a,K) = lim (a, LK) = 1 if and only if (a,L|K) = 1 for
all normal extensions L|K, therefore if and only if a € Dk = [Ny xAL.
The density of the image follows equally easily: If ¢ € G232, then the sets o-H
form a fundamental system of neighborhoods of ¢, where H runs through all
the open subgroups of G3°. But if H is an open subgroup, then G32/H =
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Gk is the Galois group of an abelian extension L|K, and since the norm
residue symbol (, L|K) : Ax — G kis surjective, we find an a € Ax with
wr(a,K) = (a,L|K) =7p0, ie., (a,K) €0-H.

§ 2. Galois Cohomology

Let L|K be a finite Galois field extension and G = G i its Galois group.
Given such a field extension L, we immediately have two natural G-modules,
namely, the additive L* and the multiplicative group L* of L. The additive
group is cohomologically uninteresting, because of the following result:

(2.1) Theorem. HY(G,L*) =0 for all q.

This follows from the existence of a normal basis of L|K. In fact, if ¢ € L
is chosen in such a way that {oc | 0 € G} is a basis of L|K, then Lt =
D, cc KT-0c=P,cco(KT-c), which means that L™ is a G-induced module.
Therefore, by I, (3.13) all of its cohomology groups are trivial.

On the other hand, for the multiplicative group L* we have the following,
very important theorem:

(2.2) Theorem (Hilbert-Noether). H'(G,L*) =1.

Proof. Let a, € L™ be a 1-cocycle of the G-module L*. If ¢ € L*, consider

b:Zag~ac.

Since the automorphisms o are linearly independent (cf. [7], Ch. V, §7, n°® 5),
there is an element ¢ € L* such that b # 0. Therefore

7(b) = Z Tay(Toc) = Z a7l aro(toc) =a;l b,
oeG ceG

ie., a; = 7(b=1)/b~L. Hence a, is a 1-coboundary.
Theorem (2.2) is a generalization of the well-known “Hilbert’s Theorem 90”:

(2.3) Theorem (Hilbert). Let L|K be a cyclic extension, and let o be a
generator of G. If v € L™ with Ny gz = 1, then there is a ¢ € L* such that
oc

r = —.
Cc
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This theorem is just a reformulation of y, , L* = (L*)?~", and therefore of
H-Y(G,L*) = HY(G,L*) = 1.

Theorem (2.2) says that the finite Galois extensions L|K of K constitute a
field formation in the sense of §1. In such a formation we can think of the
cohomology groups H?(L|K) as the elements of the union

Br(K)=H*( |K)=|JH*(LIK)
L

by viewing the inflation maps (which are injective because H'(L|K) = 1)
as the inclusions. Br(K) is also called the Brauer group of the field K. It
is an abstract variant of the well-known Brauer group in the theory of alge-
bras, which arises as follows: Consider all central simple algebras over K. By
Wedderburn’s Theorem every such algebra A is isomorphic to a full matrix
algebra M., (D) over a division ring D|K, which is up to isomorphism uniquely
determined by A. Two algebras are in the same class if the corresponding di-
vision rings are isomorphic. The tensor product of two central simple algebras
is again a central simple algebra, and induces a multiplication on the set of
algebra classes, which makes this set a group, namely the Brauer group. We
briefly describe how this group is obtained from Br(K) = H?( |K):

Let ¢ € Br(K) = H*( |K), say ¢ € H*(L|K), and let ¢ be a 2-cocycle of the
class ¢. With each o € G|k we associate a basis element u, and form the

K-vector space A = GBUEGL\K L - u,. In this vector space, the formulas

Ug - A= (ON) - Uy (Ae L), Uy Ur = C(0,T) - Ugr,
define a multiplication that makes A into a central simple algebra over K.
Another 2-cocycle of ¢ yields an equivalent algebra, and this construction

gives an isomorphism between the group H?( |K) and the Brauer group of
algebras (cf. [1]).

Before the introduction of cohomology theory, algebras were used to describe
local class field theory (cf., e.g., [38]); we remark that the use of cohomology
has led to considerable simplifications.

For finite fields we can derive the following consequence from Theorem (2.2):

(2.4) Corollary. If L|K is an extension of a finite field, then
HYGpk,L*)=1 forallq.

Proof. The group Gpk is cyclic. Since L™ is a finite G| g-module, we have
for the Herbrand quotient h(L*) = |H°(Gpk,L*)|/|H (Grk,L*)| = 1.
Hence H(Gp x,L*) =1 for ¢ = 0,1, and therefore for all g.
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§ 3. The Multiplicative Group of a p-adic
Number Field

Let K be a p-adic number field, that is, a complete discrete valuation field of
characteristic 0 with finite residue field®). We introduce the following notation.
Let v be a discrete valuation of K, which we always think of as normalized so
that its smallest positive value is 1,
o ={x € K |v(z) > 0} the valuation ring,
p={z € K |v(zx) >0} the maximal ideal,
K = o/p the residue field of K, p the characteristic of K,
U = o ~\ p the unit group,
U! =1+ p the group of principal units, and
U™ =1+ p™ the higher unit groups.

We denote by g the number of elements in the residue field K,thus ¢ = (0 : p).
If f is the degree of K over the prime field of p elements, then ¢ = p/.

Aside from v we also consider the normalized multiplicative absolute value
| |p, which arises as follows: If 2 € 0, consider the absolute norm of z,

N(x) = (0: 20) = (0: p)"® = p/ @),

and set .
|zfp = 9N()™"

If v € K \ 0, then 27! € 0, and we define |z[, = |z71[; " = N(zY).

(3.1) Proposition. The group K* has the direct decomposition
K* =U x (m),

where 7 is a prime element of p and (7) = {7*}rcz is the infinite cyclic
subgroup of K* generated by .

This is clear since with respect to a fixed prime element 7, every x € K* has
a unique decomposition & = u - 7%, u € U. Thus the short exact sequence
1 —-U—K*-5Z—0

%) We do not use the completeness of the field K. We only need that the valuation
is absolutely indecomposable. The local class field theory developed here is there-
fore valid without restrictions and verbatim for fields of characteristic 0 with a
henselian valuation, i.e., an absolutely indecomposable discrete valuation v with
finite residue field. Only in §7 one needs some modifications.
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splits, and has the group (7) & Z as its group of representatives. We remark
that since the choice of the prime element m € p is arbitrary, there is no
distinguished group of representatives.

In the unit group U consider the decreasing chain of higher unit groups U™:
UDU'DU?DU*D -

The following result shows that the factor groups of this chain are finite:
(3.2) Proposition. U/U' = K* and U /U = K+ forn > 1.

Proof. The map that takes each u € U to its residue class u mod p € K*
defines a homomorphism from U onto K* with the kernel U'. To show
Un /U™t =2 K+ we choose a prime element 7. It is easy to see that the
map 1+a-7" — a mod p defines a homomorphism from U™ onto the additive
group K+ with kernel U"+1.

(3.3) Proposition. The unit group U is an open and closed compact sub-
group of K* with respect to the valuation topology®.

Proof. If uw € U, then {& € K* | v(x —u) > 0} = u + p is evidently a
neighborhood of wu, which is entirely contained in U. Hence U is open in K *.
The complement of U is the union of (open) cosets of U, therefore U is also
closed.

Let & be a system of open subgroups of K* which covers U. Assume that U

cannot be covered by finitely many sets from &. Then the same is true for a

coset uy-U' C U, since the index (U : U') is finite. In u;-U? there exists again

among the finitely many cosets us - U2 C u;-U*' one which cannot be covered

by finitely many sets from &. Continuing in this way, we obtain a chain

u- U Dug U2 D ug U3 D -+

and since U is complete as a closed subgroup of K*, there is a unit v € U

such that v-U™ = u,-U™ for n = 1,2, ... The u-U™ = u + p" form an open

nested sequence of neighborhoods of u, and if S is a set in & containing u,

there is an n with v-U"™ = u,,-U™ C S, which is a contradiction. Hence U is

compact”.

(3.4) Corollary. The group K* is locally compact®).

6 For a henselian field in the sense of ® we have to substitute for compact, resp. in
(3.4) locally compact, relative compact resp. relative locally compact.

™) One can also argue as follows: the groups U" = 1 + p” form a fundamental
system of neighborhoods of the unit element 1 € U. Therefore U = 1(&11 ur/untt
(U° = U), where the inverse limit @1 U™ /U™ is compact as a profinite group.
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If x € K*, then « - U is an open and compact neighborhood of = by (3.3).

(3.5) Lemma. If m is a positive integer, then the map x — a™ yields for
sufficiently large n an isomorphism

U — grteim),

Proof. If 7 is a prime element of p and v =14 a - 7" € U", then

m

xm=1+m-a~7r"—|—<2

>a2 . ﬂ_Qn +... =1mod pn—&-v(m),

and therefore 2™ € U+V(™) for sufficiently large n.

To prove this map is surjective we have to show that for every a € o there
exists an element x € © such that

1+a- 7700 = (1 427%™,

(
e, 14+a- -7t =1 4 m. 7" x4+ 72" . f(z), where f(z) is an integral
polynomial in x. Obviously m = u- 7™ 4 € U, and we obtain the equation
(

—a+u-x 4 - f(z) =0.
If n > v(m), then Hensel’s Lemma clearly gives a solution x € o.

If additionally n is chosen so large that U™ contains no m-th root of unity,
then our map is also injective.

(3.6) Corollary. If m is a positive integer, then the group of m-th powers
(K*)™ is an open subgroup of K*. Furthermore,

Proof. If 2™ € (K*)™, then for a sufficiently large positive integer n the set
™ Un+v(m) _ (I . Un)m C (KX)m

is an open neighborhood of ™. If a € ()-_,(K*)™, then trivially a € U,
and therefore a € (" °_, (U)™, i.e., a = u, u,, € U, for all m. Now if n is an
arbitrary positive integer and m = (U : U™), then a = «! € U", and hence

aeN,_,U"={1}.
We denote by i, (K) the group of m-th roots of unity in K and prove the

(3.7) Proposition. The group (K*)™ has finite index in K*; more precisely,
(K (K)™) = m-q" - | (K| = m - [, - | (K,

where q is the number of elements in K and |, (K)| is the number of elements
in fim(K).
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For the proof we make use of the Herbrand quotient with respect to the two
endomorphisms 0 and m (cf. I, p.54). Then we have

(K7 (K7)™) = qom (K7) - |[pam (K.
Since qo,, is multiplicative, we can decompose the first factor on the right as

QO,m(KX) = qo,m(KX/U) ' C]o,m(U/U") : q07m(Un)-

Here go.m(K*/U) = doun(Z) = m because of (3.1, go,m(U/U") = 1 since
U/U™ is finite by (3.2); and qo,(U™) = (U™ : UPT0(M)) = ¢*(™) for suffi-
ciently large n by (3.5), using the fact that (U*: Uit!) = q.

Putting all this together proves the above formula. At the same time we get

(3.8) Corollary. (U : (U)™) = |m|y " - |um(K)| ¥.

§ 4. The Class Formation of Unramified
Extensions

A relatively simple example of a class formation is given by the unramified
extensions of a p-adic number field K. Although this class formation is a
special case of the more general formations we consider in the next section,
we need to look at it separately first. This, because its reciprocity law is
remarkably simple, and because the results obtained for this special case will
be applied in the proof of the general local reciprocity law.

In what follows we consider finite extensions L|K of p-adic number fields and
append to the notation v, o, p, etc. introduced in §3 the relevant field as
an index, thus writing vi, Ok, Px; vL, OL, Pr, etc. The valuation vi has a
unique extension to L, namely the valuation % -vr, where e is the ramification
index of L|K.

The extension L|K is unramified when e = 1, i.e., if a prime element 7 € K
for px is also a prime element for pr. This is equivalent to the statement that
the degree of the field extension [L : K] is the same as the degree [L : K] of
the residue field extension L|K.

An unramified extension L|K is normal, and there is a canonical isomorphism

Gk =G
between the Galois group Gz |k of the extension L|K and the Galois group
GE\I? of the residue field extension L|K. In fact, if 0 € G|k, we obtain from
o(z+pr) =ox+pL, w€OL,

a K-automorphism & of L.

8) We denote by ()™ the group of m-th powers of U (in contrast to U™).
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The group Gy is cyclic as the Galois group of a finite field L. As one can
immediately verify, it has the distinguished generating automorphism

z— %, T €L,
where g, is the number of elements contained in K. Because G Lk = Gk,
we also obtain a canonical K-automorphism of L which generates G k-

(4.1) Definition. The automorphism ¢,k € Gk which is induced by the

automorphism B B o
Tr—2ix, T €L,

of the residue field L is called the Frobenius automorphism of L|K.

(4.2) Proposition. Let N O L D K be unramified extensions of K. Then
ok = ¢nkle = ongGniL € Goix and oy = w%[?.
Proof. This follows easily from the fact that for all x € 0o, we have
(erjxx) mod pr, = 2% mod py, = %% mod px = (pn|xx) mod px,
and for all z € oy,

(@N‘Lx) mod py = 2% mod py = xq%:m mod py = (@E\?u}?]x) mod py.

Because of its canonical nature and its good properties with respect to re-
strictions and extensions given by (4.2), the Frobenius automorphism plays a
significant special role in class field theory.

The following theorem is particularly important in both local and global class
field theory.

(4.3) Theorem. Let L|K be an unramified extension. Then
HY(Gpk,UL)=1 forallgq.

Proof?. If we identify the group Gk with the group Gk, then

1—U; — U, —L* —1

is an exact sequence of G'|x-modules. Since H(Gr i, L) =1 (cf. (2.4)), it

follows that HY(Grx,Ur) = HI(Gr |k, U}).

A prime element 7 € K for pg is also a prime element of pr. Thus the map
U}j_l LT, 14a-7"t+——a modpr, acop,

9 For the proof of this theorem one uses usually the completeness of the field L

(cf. [42]). We avoid this, so that our entire exposition also holds verbatim for
henselian fields in the sense of »).
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defines a G'z| g-homomorphism, and from the exact sequence of G'z,| x-modules
1— Uy — Uyt — LT —0

we obtain, using that H9(Gpx, L*) =0 for all ¢ by (2.1), the isomorphism
HY Gk, Up) = HY(Grx, U ™).

Thus it follows that the injection U7 — Uy, induces an isomorphism
HYGpk,UL) — HY Gk, UL).

If m is a positive integer, the map x — ™ defines a homomorphism U, = U7,

and by (3.5) an isomorphism U} — U£+U(m), provided n is sufficiently large.

Hence we have a homomorphism H?(Gpk,UL) B HYGpk,UL), and an

isomorphism HY(Gpx,UT) LN HYGpk, Uzﬂ)(m)). Consider the diagram

HY(Gpk,Uf) ——— HYGLik,UL)

ml ml
Hq(GL|K7UZ+v(m)) - Hq(GL|K;UL)
This diagram obviously commutes, and all maps except for the right vertical
map are known to be bijections. Hence it follows that the homomorphism
HY(Gpix,UL) = HY(Gpx,UL),

that sends every cohomology class ¢ to its m-th power ¢ is also a bijection
for all m. But the elements of H?(G |k, Ur) have finite order (cf. I, (3.16)),
so that we must have H9(Gr x,UrL) = 1.

For ¢ = 0 we obtain the

(4.4) Corollary. If L|K is unramified, then
Uk = N UL.

Hence in the unramified case every unit is also a norm.

We now show that the unramified extensions L|K form a class formation
with respect to the multiplicative group L*. To do this, we have to specify an
invariant map satisfying Axiom II (cf. §1, (1.3)). We proceed as follows. From
the long exact cohomology sequence associated with the sequence

1—U,—L* 7 —0,
we obtain, using that H9(G x,UL) = 1, the isomorphism
H*(Grii, L*) == H (G, Z).

Moreover, the exact sequence 0 — Z — Q — Q/Z — 0, together with the
fact that @ is cohomologically trivial, implies that the connecting map
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HY(Gpix, Z) 2 HY(Gpx, Q/Z) = Hom (G, Q/Z) = X(Grx)

is an isomorphism. If x € x(Gr k), then x(¢rx) € 1= K] Z/Z C Q/Z, and
since the Frobenius automorphism ¢y, generates the group G|k, the map

HY(Gpik,Q/Z) = X(Grik) — mrZ/Z

is also an isomorphism. Taking the composition of these three isomorphisms,
b 5t
H*(Gpk,L*) —> H* Gk, Z) ~— HY(Gp ik, Q/Z)

we obtain the desired map

(4.5) Definition. If L|K is an unramified extension, define
vy s H(Grix, LX) — g Z/Z

to be the isomorphism invy g = pod o

For simplicity, we now set

HY(L|K)=HY Gk, L™).
Let Ky be a fixed p-adic number field, and let 7" be the maximal unramified
field extension of Ky, thus the union of all unramified extensions L|Kp; the

field T is also called the inertia field over Ky. We denote by G, the Galois
group of T| K.

(4.6) Theorem. The formation (Gp|x,,T™) is a class formation with respect
to the invariant map defined in (4.5).

Proof. Axiom I is always satisfied by (2.2): H!(L|K) = 1. For the proof of
Axiom IT a) and b) we need to prove that the following two diagrams commute
= —1
HX(L|K) —%— H*(Gpk,Z) *— H'(Guk, Q/Z) — FgZ/Z

incl inf inf incl

HY(N|K) —— H*(Gyx,Z) = HY Gy, Q/Z) — 5'2/Z,

H*NK) " HGyix,Z) *— H'(Gyix,Q/Z) —> (v Z/Z
res res res [L:K]

H2(N|L) —%— H2(Gn1, Z) 2 HY Gy, Q/Z) —2~ Z/Z.

[N L]

where N D L O K are two unramified extensions of K. That the left squares
commute follows immediately from the behavior of 2-cocycles under the maps
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U, inf, and res. The middle squares commute because the inflation and restric-
tion maps are compatible with the connecting homomorphism § (cf. I, (4.4)
and I, (4.5)).

To prove the commutativity of the right squares, let x € H*(Gp |k, Q/Z) and
x € H'(Gnk,Q/Z) respectively. From (4.2) we have the formulas

inf x(onx) = X(enxGN L) = X(PrK), and
res x(enin) = x(enp) = X(Pia) = L+ K] x(gnx),
which complete the proof.

We could now apply the entire theory developed in §1 to this special class
formation. However, we will not pursue this here, since we will do this for
more general, not necessarily unramified, extensions in the next section.

If T is the maximal unramified field extension of Ky, and therefore the maxi-
mal unramified extension of every unramified extension K|Kj, then we set

H*(T|K) = | H*(LIK),
L

where L|K runs through all (finite) unramified extensions of K. Here we view
the inflation maps as inclusions (cf. §1, p.66), so that for two normal exten-
sions N D L O K we have H?(L|K) C H?(N|K). Because of the extension
property of the invariant map II a), we obtain an injective homomorphism

invg : H(T|K) — Q/Z

(cf. §1, p. 68). This homomorphism is even bijective, since Q/Z = |J,~, 1 Z/Z,
and since for every positive integer n there exists (exactly) one unramified
extension L|K of degree n = [L : K], for which we have the bijective homo-
morphism invy,x : H*(L|K) — 1Z/Z. Thus we have shown:

(4.7) Proposition. H?(T|K) = Q/Z.

If L| K is an unramified extension, the Galois group G| is cyclic and thus co-
incides with its abelianization sz\)K' Hence the norm residue symbol ( , L|K)
yields the exact sequence

1— Nyl — 5 80

What is special about the reciprocity law in the unramified case is that the
norm residue symbol has a very simple, explicit description.
(4.8) Theorem. Let L|K be unramified, and a € K*. Then

(a, LI K) = g}
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Proof. If x € x(Gpr k), 0x € H*(GL ik, Z) and @ = a - Ny gk L* € H°(L|K),
x(a, L|K) = invy gk (aUdx)
by (1.10). This formula, together with (4.5) implies that
x(a, LK) = invy g (@Udx) = pod 't od(@Udx) = pod ' (vk(a) - dx)

vk (a)

= p(vk(a)-x) =vk(a) x(erix) = x(erx )

Since this holds for all x € x(G k), it follows that (a, L|K) = QDZTI((G).

Theorem (4.8) raises the question whether one can obtain the reciprocity
law without the cohomological calculus and the notion of class formations.
It appears that one could get the reciprocity law in a much more natural
way by simply defining the norm residue symbol explicitly by the formula
(a,L|K) = @72"}((“), and then directly verifying its essential properties. In the
unramified case, this is in fact possible. After closer inspection, the use of
the invariant map for the present case seems to be unnecessarily complicated,
in fact might appear as an attempt to actually force this idea artificially
into a cohomological framework. The reason to follow this approach lies in
the problem of a class field theoretical treatment of ramified field extensions.
Historically, it was precisely at this point, where cohomology (in the theory of
algebras) entered class field theory. In fact, for ramified extensions one cannot
readily give an explicit definition of the norm residue symbol, whereas this can
be done for an invariant map, which extends canonically the one constructed
here to the domain of arbitrary normal extensions. We will see this in the next
section.

In the class formation of unramified extensions, the extension fields L of K
correspond by (1.14) precisely to the norm groups in K*. Because of (4.8),
these norm groups can be given explicitly.

(4.9) Theorem. Let K be a p-adic number field and 7 a prime element. Then
Uk % (’ﬂf) 10)

is the norm group of the unramified extension L|K of degree f.

Proof. Since ¢k generates the group G, the degree f = [L : K] is also
the order of ¢k in G k. Hence an element a € K* lies in N L™ if and

only if (a,L|K) = @ZTI((G) = 1, thus if and only if vg(a) = 0 mod f, i.e.,

a=u-7" ke Z ueUg.

10 We denote by (nf) the infinite cyclic group {7*/}rcz generated by the ele-

ment 7.
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We end this section with some remarks about the universal norm residue sym-
bol of our class formation (cf. §1, p. 76). Let T'|K be the maximal unramified
extension of K. If L|K ranges over all finite unramified extensions, then the
projective limit
Grix =lim Gk
L

is the Galois group of T|K.

For a € K* we get the universal norm residue symbol (a,T|K) € G|k by
(a,T|K) = lim(a, L|K).

This gives a homomorphism

If 71, : Gpx — Gr|i is the canonical projection of G|k onto G|k, then
m1(a, T|K) = (a, LK) = o7\ € Grjx.

Because of (4.2), the elements ¢ x € Grjx form a compatible system of
elements in the projective system of G|k, and we call the element
vk =limerx € Grix
L
the “universal” Frobenius automorphism of K. It has infinite order, since from
¢k =1 it would immediately follow that 7 (¢%) = e = 1 for all ok,
which is obviously impossible.

For this symbol ( ,T|K), we now have the

(4.10) Theorem. If a € K*, then (a,T|K) = ©%*. The kernel of the
homomorphism ( TIK)
K* ——= GT|K

is the unit group Ug.

Proof. If L|K is an unramified extension, and 7 : Gpx — Gprjx is the
canonical projection from Gr i onto G|k, then

70, TIK) = (a, LK) = 975 = 7 (935 ).

This shows that (a, T|K) = <p}}(K(a). Hence (a,T|K) = gpﬁf(a) =1 if and only
if vg(a) = 0 (px has infinite order), therefore if and only if a € Uk.

The class formation of unramified extensions provides an example that shows
that the universal norm residue symbol is not surjective in general. In fact, its
image is the infinite cyclic group generated by ¢k, which is a dense subgroup
of Gp|i isomorphic to Z. Since this is not a profinite group, it obviously
cannot coincide with G|k ; only its completion in G|k coincides with G-
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§ 5. The Local Reciprocity Law

We fix a p-adic number field Ky and let 2 denote its algebraic closure. For
every normal extension L|K with L finite over K we again set (cf. §2, p. 78)
HY(LIK) = HY(Gp 1k, L"),
Br(K) =H?* |K)= Urix H?(L|K) (Brauer group of K).

If G = Ggk, is the Galois group of £2|Ky, the formation (G, £2*) is a field
formation, because H*(L|K) = 1 (cf. (2.2)). We will show in this section that
it is even a class formation. For this we have to extend the invariant map
introduced in §4 to ramified extensions L|K. The following lemma, which
is also called the “second fundamental inequality”, provides the key to this
generalization:

(5.1) Lemma. Let L|K be a normal extension. Then the order |H?(L|K)| of
H?(L|K) is a divisor of the degree [L : K|:
|H*(L|K)| | [L: K].

Proof. Assume first L| K is cyclic of prime degree p = [L : K|. We show the
Herbrand quotient h(L*) = |H?*(L|K)|/|H*(L|K)| = |H*(L|K)| = p. If qo,
is the Herbrand quotient with respect to the endomorphisms 0 and p, then
h(L* )p_l = qo,p(K*)"/q0,p(L*)
by I, (6.9). Using (3.7), we have for the Herbrand quotients on the right side
Qo (K) = (K (X)) /| Ky = p- i,
Q0. (LX) = (LX: (L)) /|1y = p- g,

If f = [L : K] is the inertia degree and e the ramification index, then p = e- f,
q;, = q{(, and vy, (p) = e - vk (p). Substitution into the above formulae yields
h(Lx)p—l =P qZ”K(p)/p . q;f"UK(p) _ pp—l7 ie., h(LX) —p.

The general case follows from this by purely cohomologically methods. Since
the Galois group G| is solvable, there exists a cyclic intermediate field K’

over K of prime degree, K C K’ C L. Because H'(L|K') = 1, the sequence
1 — H*(K'|K) — H*(L|K) == H*(L|K")
is exact. This shows that
|H*(LIK)| | [H?(LIK)||H? (K'|K)| -
We have already shown that |H?(K'|K)| = [K’ : K], and when we assume by
induction on the field degree that [H?(L|K')| | [L : K], then it follows that

|H*(LIK)| | [L: K']-[K': K] =[L:K].
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The above proof makes use of the solvability of the Galois group G, which
follows immediately from the fact that we have a cyclic inertia field between
K and L, and above it the cyclic ramification field over which L has prime
power degree. One can get around this by using I, (4.16) to reduce to the case
of an extension of prime power degree, and then proceeding as above.

That we can extend the invariant map to the case of ramified extensions is
obvious, once we have proved the following theorem:

(5.2) Theorem. If L|K is a normal extension and L'|K is the unramified
extension of the same degree [L' : K| = [L : K|, then

H*(L|K) = H*(I'|K) C H*( |K).

Proof. Tt suffices to show the inclusion H?(L'|K) C H?(L|K); if this holds,
the inclusion must have an equality because |H?(L'|K)| = [L : K] (cf. (4.5)),
and |[H*(L|K)| | [L : K] by (5.1).

If N=L-L,and I'|K is unramified, then N|L is also unramified, V). Let
c€ H*(L'|K) C H*(N|K). It follows from the exact sequence

1 — H?(L|K) — H*(N|K) =% H*(N|L),
that ¢ lies in H?(L|K) if and only if res;c = 1. Since resc = 1 if and only if
inv |z (respc) = 0 (cf. (4.6)), our theorem follows once we have shown that
invyz(respe) = [L: K] -invp ke,

since invy/ gc € == Z/Z. The last equality is a special case of the following
\ [L:K]

lemma.

(5.3) Lemma. Let M|K be a normal extension containing the two extensions
L|K and I'|K with L'|K unramified. Then N = L-L'|L is also unramified '),
Ifce H*(L'|K) C H*(M|K), then respc € H>(N|L) C H*(M|L), and

inv g (respe) = [L: K] - invp ke

Proof. The fact that the 2-cocycles of the class resyc have their values in N *
(cf. §1, p.66) implies that res,c € H*(N|L).

Let f be the inertia degree and e the ramification index of the (not necessarily
normal) extension L|K. We think of the valuations v and vy as extended
to M. Then we have v;, = e - vg. By definition, the invariant map is the
composite of the three isomorphisms @, §71, ¢ (cf. (4.5)); hence to prove the
above formula it suffices to check that the following diagram commutes

1) Note: If T is the maximal unramified extension of K , then T - L is the maximal
unramified extension of L.
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H2(L/|K) L HQ(GL/‘K7Z) L HI(GL’|K7Q/Z) _(,0) #Z/Z

[L":K]
incl linf linf J,incl
H*(M|K) H*(G ik, Z) HY(Gux, Q/Z) prr Z/Z

lreSL lares J{e-res l[LK]

T -1
HA(N|L) —*— H*(Gn,Z) — H'(Gn1,Q/Z) =~ FpZ/Z.
In this diagram it is understood that the lower vertical maps only map the
images of the upper vertical maps to the cohomology groups in the bottom
row. That the left square commutes follows from the behavior of the 2-cocyles
under the maps in question. The middle square commutes because the inflation
and restriction maps commute with the homomorphism ¢ (cf. I, (4.4) and I,
(4.5)). To see that the right square commutes, we have to consider the equation

N
@NlL L’ SDL'|K

which is a generalization of (4.2). But this is easy to see that if a € L', then
oniL(a) = alt mod py = a% mod PN = a% mod P = w{,lK(a).

Now if x € HI(GL/‘K,Q/Z), then

[L: K] 'X(SOL’\K) =e-f- X(‘PL’\K) =€ X(@{:‘K) =c- X(<PN\L L,)
= e-infx(onir) = e~ (res o inf)x(on|L)-

hence the right diagram commutes, which completes the proof of the lemma.

From Theorem (5.2) we have the equality

Br(K) = H*( |K)=H*TIK)= |J HALIK),

LK
unramified

and because of the invariant map we obtain using (4.7) the

(5.4) Theorem. The Brauer group Br(K) of a p-adic number field K is
canonically isomorphic to Q/Z:

Br(K) = Q/Z.

(5.5) Definition. Let L| K be a normal extension and L'| K be the unramified
extension of the same degree [L' : K| = [L : K], so that H*(L|K) = H*(L'|K).
Define ) 9 1

invy g+ H*(L|K) — WZ/Z

to be the isomorphism invp xc = invp/ e (c € H*(L|K) = H*(L'|K)).
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With the definition of this invariant map we have reached our goal. If K is
a p-adic number field, 2 its algebraic closure and Gk, = Gg|k, is the Galois
group of 2|Ky, then

(5.6) Theorem. The formation (Gkg,, 2*) is a class formation with respect
to the invariant map defined in (5.5).

Proof. Axiom I is satisfied by (2.2): H'(L|K) = 1.

If N O L O K are normal extensions over a fixed p-adic base field Ky and
N'|K (resp. L'|K) is the unramified extensions of degree [N’ : K] = [N : K],
(resp. [L' : K] = [L : K]) (N' D L' O K), then for every ¢ € H*(L|K) =
H?(L'|K) we have, using (4.6),

Inv | ¢ = Invy/ g = Invy/ | gc = invy gc.

This proves Axiom IT a). For the proof of Axiom II b), let L|K be an arbitrary
extension with L finite over Ky. If resy, is the homomorphism

H*(|K) =% H*( |L)
(cf. §1, p.66), then we have to show that
invy oresy, = [L: K| -invg

(cf. the remarks made at the end of (1.3)). If c € H?( |K), we can assume by
(5.2) that ¢ € H?(L'|K), where L'|K is unramified. Then N = L-L'|L is also
unramified, and res,c € H?(N|L) C H?>( |L). From Lemma (5.3) we obtain

invy(respc) = [L: K] - invge,

which proves our claim.

Theorem (5.6.) allows us to apply the theory of abstract class formations
developed in §1; we consider the general results established there once more
in their special form for the case at hand.

For every normal extension L|K we have the fundamental class

ur| g € H?(L|K) with the invariant invy g ur g = ﬁ + Z.
The Main Theorem of Local Class Field Theory is the statement

(5.7) Theorem. Let L|K be a normal extension. Then the homomorphism
Ur|K U: Hq(GL‘K, Z) — Hq+2(L‘K)

is bijective for every integer q.
For ¢ = 1,2 it follows that (cf. (1.8))

(5.8) Corollary. H3(L|K)=1 and H*(L|K) = x(G k).
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For ¢ = —2 we get the local reciprocity law:

(5.9) Theorem. For every normal extension L|K we have the isomorphism

G?TK ~ H (G, Z)

ur|xUY

H°(L|IK) = K* /NpjxL*.

The inverse isomorphism induces an exact sequence

1— Nyl — K L8 e

where ( ,L|K) is the norm residue symbol. When passing to subfields,
extension fields and conjugate fields, the norm residue symbol behaves as
follows:

(5.10) Proposition. Let N O L O K be extensions of K with N|K normal.
Then the following diagrams are commutative (cf. (1.11)):

( ,NIK) NIEK)

a) K L g b)) KX G
id T incl lver

( LK) ab ( ,NIL) ab
K* ———— GLlK’ L* GN|L’

( ,NIL) a ( NIK) a

c) o LML e 4 K G

NL\K K ag lo_*
KX ( 7N‘K) G%blK, O_KX ( 7UN|UK) G;l;\,IUK

Here in diagram a) the extension L|K is also assumed to be normal, and in
diagram d) o denotes an element in Gk, .

By (1.10) the norm residue symbol and the invariant map are related:

(5.11) Lemma. Let L|K be a normal extension, a« € K*, and a =
a-NpxL* € HY(L|K). If x € X(G‘Z]TK> = x(Grx) = H'(GLk,Q/Z),
then

x(a, LIK) = invp g (aUdx) € ﬁl/z,

where dx is the image of x under Hl(GL|K, Q/Z) LN H2(GL|K7Z).

For unramified extensions L|K we gave in (4.8)) an explicit description of the
the norm residue symbol (|, L|K) in terms of the Frobenius automorphism:

(a, LK) = 7.



94 Part I1. Local Class Field Theory

It is very important to have such an explicit representation in case of ramified
extensions as well. Concerning this question, a fairly general result has been
obtained in recent years by J. LUBIN and J. TATE. We will consider this
representation in §7.

We extract the following consequence of (4.8):

(5.12) Theorem. If L|K is an abelian extension, then the norm residue
symbol (,L|K) maps the unit group U onto the inertia group of G i
and the principal unit group U}, onto the ramification group.

Proof. Let L, be the inertia field between K and L, f = [L, : K| and G, the

inertia group of Gz, thus the fixed group of L,. If u € Uk, then by (5.10a)
we have 7(u, L|K) = (u, L|K) - G; = (u, L, |K) = Lpzljl(;? =1, and therefore
(u, L|K) € G.. Conversely, let 7 € G, and a € K* with (a, L|K) = 7. Then

7(a, L|K) = (a, L|IK) - G; = 1, therefore (a, L,|K) = SDZI;(;) =1,

ie., vg(a) =0mod f. If we choose a b€ L* with v (b) = %'UK(G,), then

v, (Npgb) = e- vk (Npjgb) = [L: K] -vp(b) = e - vk(a),
therefore v (a) = v (N kD), a = u- Npgb with u € Uk. From this we have
(a,L|K) = (u, L|K) = 7, i.e., Ux is mapped onto the entire inertia group.

Observing that (U, L|K) = 1 for sufficiently large n, we conclude that the
ramification group G,, which is the only p-Sylow subgroup of G, is the image
of the p-Sylow subgroup U}, /U% of Uk /UR (cf. (3.2)).

It is possible to strengthen Theorem (5.12) by showing that the higher prin-
cipal unit groups Ug, when suitably numbered, are mapped onto the higher
ramification groups of G| . For this we refer to [42], XV, §2, Cor. 3.

To end, we briefly discuss the universal norm residue symbol of our class
formation (cf. §1, p.76). For each abelian extension L|K we have the map

KX ( 7L‘K) GLlK
By forming the projective limit
Gab = @GL‘K (L|K abelian)
we get, for every a € K, the element

(a,K) = @(G,L‘K) € G%?

in the Galois group G4 of the maximal abelian extension of K.
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(5.13) Theorem. The universal residue symbol defines an injective homo-
morphism ()
KX 20 Gab,

Proof. By (1.15) the intersection Dg = (), Np|xL* is the kernel of ( , K).
By (3.7) the groups of m-th powers (K *)™ are of finite index, and therefore are
norm groups by Theorem (6.3), which is proved in the next section. Therefore
Dk C(oo_ (K*)™ =1.

If a € K*, then the restriction of (a, K) € G232 to the inertia field T'|K gives
the universal norm residue symbol of the class formation of the unramified
extensions of K discussed in §4 (cf. §4, p.87). By (4.10) we thus have

(a, )|y = (a, TIK) = 03 € Gy,
where o = @ LIK unram, PLIK € G7k denotes the universal Frobenius au-

tomorphism.

In global class field theory we have to consider besides the p-adic number
fields also the field IR of real numbers. There is also a reciprocity law over
the reals, which is so simple, however, that we can explain it with only a few
words.

The field R has only one algebraic extension, namely the field C of complex
numbers. The pair (G¢|Rr, C™) constitutes a class formation in a trivial way:
The group

H?(Gow, €*) = H(Gejr, €°) = R* /NgirC*
is cyclic of order 2, since an element a € IR* is a norm from C if and only if
a > 0. The invariant map
iIlV@|IR : ]‘.IQ(C-:@HR7 ‘DX) — %Z/Z
is defined in the obvious way, and the norm residue symbol ( , C|IR) is char-
acterized by the equation

(a, C[R)(V=1) = (vV=1)=),

since (a, C|R) is either the identity or the conjugation map, depending on
whether a is a norm or not, i.e., whether a > 0 or a < 0.

§ 6. The Existence Theorem

From the abstract class field theory of §1 we see (cf. (1.14)) that the norm
groups in a p-adic number field K correspond bijectively to the abelian ex-
tensions of K:
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(6.1) Theorem. Let K be a p-adic number field. Then the correspondence
L+— Iy, :NL|KLX - K*

gives an inclusion reversing isomorphism between the lattice of abelian exten-
sions L|K and the lattice of norm groups in K*. Every group containing a
norm group Is again a norm group.

The last theorem shows that the structure of the abelian extensions of K is
reflected in the multiplicative group K*, and naturally leads to the question
of how the norm groups in K* can be characterized by intrinsic properties of
K. This is done by the following so-called Existence Theorem:

(6.2) Theorem. The norm groups of K* are precisely the open (and thus
closed) subgroups of finite index.

Proof. By the reciprocity law (5.9) every norm group I, C K* has finite
index in K. If m is this index, then clearly (K*)™ C Ir. By (3.6) (K*)™ is
open, hence I, is open as the union of (open) cosets of (K *)™ in I,.

Conversely, let I € K* be an open subgroup of finite index m in K*. Then
(K*)™ C I and by (6.1) I is a norm group if (KX *)™ is a norm group. We show
this first in case that K contains the m-th roots of unity. For each a € K*
we form the field L, = K( %/a), and set

Then L|K is a finite abelian extension, because K * /(K> )™ is finite (cf. (3.7)),
and therefore there are only finitely many distinct fields among the L,. We
now claim that
(K" =I,= () L, .
aceKX*

The degree [L, : K] = [K(%/a) : K] = d is obviously a divisor of m, hence the
inclusion (K *)? C I, implies (K*)™ C I, for all a. Therefore (K*)™ C Iy.

On the other hand, the theory of Kummer extensions (cf. Part III, §1, p. 115,
(1.3)) gives an isomorphism between the factor group K*/(K*)™ and the
character group of the Galois group G, so that by (5.9)

(K% (K*)™) = |G| = (K™ : I).
Thus (K*)™ = I, and therefore (K*)™ is a norm group. If K does not

contain the m-th roots of unity, let K; be the extension obtained by adjoining
the m-th roots to K. From the above we know that (K{*)™ is the norm group

of an extension L|K; : (K{*)™ = Npk,L*. Let L be the smallest normal
extension of K containing L. Then

12) The right equation follows from (6.1) because L = |J La.

ae KX
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NZ\KLX = NKl\K(NE\KlLX) C Niy ik (Npjg, LX) = Ny e (K{7)™)
= (Ngy g K7™ C (K>)™.

Hence (K*)™ is a group containing the norm group NZleX, thus by (6.1)
(K*)™ is a norm group itself, and our Existence Theorem is proved.

Theorem (6.2) is called the Existence Theorem because its crucial assertion is
that given an open subgroup I of finite index in K*, there exists an abelian
extension L|K whose norm group NpxL* = I. This field L is uniquely
determined and is called the class field associated with I.

It is clear that the open subgroups of finite index in K* are also closed of
finite index, and vice versa, since the complement of a subgroup of finite index
in K* consists of its finitely many cosets. More generally, we have

(6.3) Theorem. If I is a subgroup of K*, then the following conditions are
equivalent:

(i) I is a norm group,

(ii) I is open of finite index,
(iii) I is is closed of finite index,
(iv) I has finite index.

Proof. The conditions (i), (ii), (iii) are equivalent by (6.2) and our remark
above. Furthermore, (iv) is equivalent to (ii), since a subgroup I of finite index
m contains the open group (K*)™, and is therefore open.

Apart from the topological characterization of norm groups given by Theorem
(6.3), we also have the following description of these groups, which is of an
arithmetic nature (cf. also (4.9)).

6.4) Theorem. The norm groups of K* are precisely the groups containin
& Y g g
Ui x (zf), n=0,1,2,..., f=1,2,...

Here U = Uk, 7 is a prime element of K, and (/) is the subgroup of K*
generated by wf.

Proof. Every group U x (7/) has finite index in K* = UY x (r), and is
therefore a norm group by (6.3), hence has only norm groups containing it.

Conversely, if I is a norm group, it is open. Since the Uj form a fundamental
system of neighborhoods of 1 € K, there is a Ug with Uz C I. If 7 is a prime
element and f the index (K> : I), then 7 € I, and thus U x (7f) C I.

We will give a more detailed account of norm groups in the next section.
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§ 7. Explicit Determination of the Norm
Residue Symbol ¥

In Theorem (4.8) we have given an explicit description of the norm residue
symbol for unramified extensions via the Frobenius automorphism. In this
section we derive such an explicit formula for the norm residue symbol in
certain special totally ramified extensions. Since these extensions together
with the unramified extensions generate the maximal abelian field, this allows
us to explicitly determine the universal norm residue symbol.

Let K be a p-adic number field, o the ring of integers of K, 7 a prime element
and ¢ = (0 : 7o) the number of elements in the residue field K.
We consider the set & of all power series f(Z) € 0[[Z]] such that

f(Z) =m-Z mod degree 2 and f(Z) = Z? mod 7.
Two power series are called congruent mod degree n (resp. mod =) if their
terms of degree less than n coincide (resp. when their coefficients are congruent

mod 7). The simplest example of a power series in & is the polynomial f(Z) =
w- Z + Z9, which one may regard as a standard model. Let

f(2) =1 f(2)---)) € o[[Z]

be the power series obtained by n-fold substitution in f(Z), where f°(Z) = Z.
Let At ., be the set of those elements A of positive valuation in the algebraic
closure 2 of K with f™(\) = 0. We consider the fields

Lf,n:K(/lf’n), n:1,2,...
Because

MZ) =N 2) = ["7H2)  ¢u(2),  dn(Z) € 0[[Z]],

it is immediately clear that Ay, 1 C Af,, and therefore that

Lf,n—l gLf,ny n:1727"'
We set Ay = UZO:1 Aynand Ly = K(/lf) = UZO:1 Lin.
We will show that the extensions Ly ,|K are abelian and totally ramified,
and that they are associated with the norm groups U X (w) (cf. (6.4)). The
essential idea here is to use certain power series to make the zero set Ay, an
o-module in such a way that multiplication of A¢, by a unit u € © produces

a permutation of Ay ,, which induces a K-automorphism of Ly ,|K, namely
the automorphism (u=1, Ly ,|K).

13) In this section we follow [34]. For Part III only Theorem (7.16) is used.
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(7.1) Lemma. Let f(Z),9(Z) € & and L(Xy,...,X,) = > a;X; be a
linear form with coefficients a; € ©. Then there is a uniquely determined
power series F'(X1,...,X,,) with coefficients in © with the properties

F(Xy,...,X,) =L(Xy,...,X,) mod degree 2,
JIFE(Xy, .. X)) = F(g(Xa), ..., 9(Xn)) -

Proof. We set X = (X1,...,X,) and g(X) = (9(X1),...,9(X,)). One im-

mediately verifies that if F'(X) is a power series and F,.(X) € o[X] are its

truncations consisting of all terms of F(X) of degree at most r, then F(X) is

a solution of the above problem if and only if F(X) = L(X) mod degree 2,

thus Fy(X) = L(X), and for every r the following congruence holds

(+) J(F(X)) = Fy(g(X)) mod degree (1 +1).

For r = 1, i.e., for Fi(X) = L(X) this is true. If we have found a unique
F.(X) € O[ ] satisfying condition (x), and we set F,1(X) = F.(X) +
A,41(X) with a homogeneous form A, of degree r + 1, it follows from

(P (X)) = F(FL(X) + 7 Apa(X)  mod degree (r+2),
Frn(9(X)) = Fo(g(X)) + 71 - A1 (X)) mod degree (r +2),
that for A, 1 the congruence

f(Fr(X)) — Fr(g(X))

artl —

A (X) = mod degree (r + 2)

must be satisfied. Hence we obtain A,; is a unique way as the first trunca-
tion, i.e., as the homogeneous form of (r + 1)-th degree of the power series

(f(Fr(X)) - Fr(g(X)))/(WT+1 — 7r). Because
FOE (X)) — Fo(9(X)) = (Fu(X))? — F,(X%) =0 mod

the form A, 17 has integral coefficients, and hence so has F.;1 = F, + A,41.
This shows existence and uniqueness of the series F/(X) = lim, o Fr.(X).

Remark. The proof actually shows that F' is the only power series in every
field containing © which satisfies the equations of the lemma.

For us, the cases L(X,Y) =X 4+Y and L(Z) = aZ, a € 0, are important. If
f €&, let Fp(X,Y) be the uniquely determined solution of the equations

Fr(X,)Y)=X+Y mod degree 2,
fFEHXY)) = Fp(f(X), f(Y)).
Moreover, for every a € 0 and f, g € &, let the series ay 4(Z) € 0[[Z]] be the
uniquely determined solution of

arq¢(Z) =aZ mod degree 2,
flay4(2)) = ay4(9(2)).
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For simplicity, we write ay for as ;. The following proposition shows that

F;(X,Y) in a certain sense plays the role of “addition,” while ay corresponds
to “multiplication.”

(7.2) Proposition. Let f,g,h € & and a,b € 0. Then

(1) Fr(X,Y) = Fp(Y, X),

(2) Fp(Fy(X,Y),Z) = Ff(X, Fy(Y, 2)),

(3)  apg(Fy(X,Y)) = Frlasg(X),ar4(Y)),
(4) af,q(bg, ( ) = (a-b)rn(2),

(5) (a+b)54(Z) = Fylas,g(2),bs4(2)),

(6) (7)) (Z) = f"(Z2), n=0,1,2,...

To prove these formulas, one shows that the left and right side of each equation
are both solution of a problem as in (7.1), hence by uniqueness of the solution
they are equal. We leave the details to the reader.

For f = g = h we obtain from (1)-(6) the formal rules of an o-module.
Therefore we call Fy a formal Lie o-module. From such a formal Lie o-
module we obtain an ordinary o-module by letting the variables X, Y, Z attain
values from a domain in which the power series converge. If L is an arbitrary
algebraic extension of K, then the prime ideal pj, of the elements of positive
valuation in L represents such a domain. In fact, if x1,...,2, € py and
G(Xy,...,X,) € o[[X1,...,X,]], then the series G(z1,...,z,) converges and
gives an element in py, if the constant term of G is zero'*). We have so

(7.3) Proposition. Let f € &, and let L be an algebraic extension of K.
Then the set py, is an o-module with addition and multiplication defined by

z+y=F(z,y) and a-x=as(x), x,y €Pr, a € O;
we write pg ) for this o-module.

Obviously, the additive inverse of x is (—1);(z). One needs to be careful not

) with the ordinary operations on the o-module.

confuse the operations pj;
(7.4) Proposition. The set of zeros Ay, of f"(x) is a submodule of p(Lff)

Proof. The set of zeros Ay, is the annihilator of the element 7™ € o, since

i) = (@) =0t ={rep) | a=0}

Affﬂ = {/\ € po,n

14) G(z1,...,xn) converges in the finite (and thus complete) extension of K generated
by z1,...,%n.
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(7.5) Proposition. Let f,g € & and a € 0. Then the map
A —>ag r(N)

yields a homomorphism from Ay, to Ag . This homomorphism is an isomor-
phism if a is a unit in o.

Proof. This follows immediately from the formulas in (7.2). By (3) and (4)
this map is a homomorphism. If @ is a unit, then (4) and (6) imply that

(@™ f.g(ag (V) =15(A) = A for X € Ay,
and in reverse order
ag,f((a™")fg(A) =14(X) = A for X € Agp.

Hence the map a, ¢ : Af,, — Ay, is a bijection with inverse map (a=1) .

(7.6) Corollary. Let f € &;. Then we have an isomorphism of 0-modules

A =2 o/n"0.

Proof. If f,g € &, then the map 147 : Ay, — Ay, is an isomorphism by
(7.5). Thus it suffices to consider the module Ay, with f(Z) =nZ+ 27 € &,.

The o-module Ay ; consists of the zeros of the equation f(Z) =nZ+2Z7 =0,
thus has ¢ elements, and is therefore a one-dimensional vector space over the
field o/7m-0. For n =1 the result follows from the isomorphism A1 = o/mo.

Assume that Ay, = o/n™0. By (7.5) the element 7 defines the homomor-
phism 7y : Af p41 — Ay, from which we obtain the exact sequence

00— Aﬁl — Af,n+1 Tr—f> Af,n — 0.

To see this, note first that m¢(\) € Ay, for A € Af 41, because f™(m¢(N)) =
FH(fN) = TN = 0. If A € Ay, and A*(€ £2) is a root of the equa-
tion f(Z) — X\ = Z%4aZ — X = 0, then \* € Ay, 41 because f"1(\*) =
fP(f(A)) = fM(A) = 0, thus m¢(X*) = f(A*) = A, and 7y is surjective.
The kernel of 7¢ consists of the elements A with 7(X) = f(A) = 0, ie., the
elements of the module Ay C Ay 4.

Since Ay 2 o/m0 and Af,, = 0/7"-0, the order of A¢ .11 is equal to ¢ 1. If
A€ Af i1 but A € Ay, then 7710 is clearly the annihilator of A. Hence the
map a +— a- \ gives an isomorphism between o/7" 1.0 and the o-submodule
of A n4+1 generated by A, which must coincide with Ay .1, since o/m"tl.o
and A 11 both have order ¢"*!. Therefore Af,+1 = o/7" 0.

(7.7) Corollary. Every automorphism of the o-module Ay, is of the form
ug : Agn — Ay, with a unit v € Ug. The map uy is the identity on Ay, if
and only if u € U}:. Thus the group Uk /U}t represents the full automorphism
group of Ay .
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The proof follows easily from the isomorphism Ay, = o/7™-0 and is left to
the reader.

(7.8) Proposition. The field Ly ,, depends only on the prime element , but
not on the choice of the power series f € ;.

Proof. If f,g € & and A € Ay, then along with A we have 1, ¢(X) € Ly .
Since 1y 5 @ Ay, — Ay, is surjective, Ag, C Ly, ie., Ly, C Ly, By
symmetry, Ly, C Ly, and therefore Ly, = Ly .

Because of this result we write L ,, for the field Ly ,,, and set L = Uff;l Ly
We can always think of L, , as generated by the roots of the polynomials
f"(Z) with f(Z) = nZ + Z? € &, hence L, ,|K is a normal extension.
We denote its Galois group by G ,. The projective limit G, = @Gmn is
the Galois group of the extension L.|K. Each element ¢ € G, yields an
automorphism of the o-module Ay ,, by the usual operation of G , on the set
Ay n € Ly . This is due to the fact that o acts continuously on L ,,, and that
the operations of the o-module A¢,, are defined by convergent power series
whose coefficients lie in the base field K, and therefore are fixed by o. On the
other hand, by (7.7) every class u- U} € Uk /U} yields the automorphism

uy: Ay — Agpn. We show

(7.9) Theorem. For every o € G, there is a uniquely determined class
wUp € Uk /U such that o(X) = ug(X), A € Af,. The map 0 — u-Up

yields an isomorphism N
Grn Z Uk /Ug.

Proof. Each o € G, induces an automorphism of the o-module Ay ,,. Since
by (7.7) Uk /Uj represents the full automorphism group of Ay ,, there is a
(obviously unique) class u-Up € Uk /Up with o(X) = uy(X) for all A € Ay ,,.

The map o — u - Uy is injective, since the set Ay, generates the field Ly p;
thus it follows immediately from o(A) = us(A) = Aforall A € A, that o = 1.

To prove o +— u - U} is surjective, we show that the order of G ,, is not less
than the order ¢"~'(q — 1) of Ug /UR (cf. (3.2)). We have

f1(2) = f(f"1(2) = 71 (2) - ¢u(Z)  with
¢n(2) = (f~H2)) 1" + 7 € 0[Z].

Since all coefficients of the polynomial f*~(Z) = 79" o 4 71 Z have
positive valuation, ¢,(Z) is an Eisenstein polynomial and as such irreducible
over K. If A is a root of ¢,,(Z), and therefore a root of f™*(Z), then K(\) is a
totally ramified extension of Ly ,,. Its degree [K()) : K] is equal to the degree
q" — q" 1 = ¢" (¢ — 1) of the polynomial ¢,,(Z) = f*(Z2)/f*~*(Z), thus
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equal to the order of G ,, which is at least ¢" (¢ — 1) = |Ug /U%|. There-
fore Gr, = Ug/Uf and Ly, = K()), where X is a root of the Eisenstein
polynomial ¢,,(Z) = (f"~1(Z))4~! + n. This completes the proof.

The proof of (7.9) also shows

(7.10) Theorem. The extension L, ,|K is abelian and totally ramified of
degree q"~1(q — 1), and is generated by a root of the Eisenstein equation

6u(Z) = (P2 m =0,

The last statement shows that the prime element 7 is a norm for every
extension L, ,|K. In fact, if X is a root of ¢,(Z), then L., = K()) and
™ = NLW‘H‘K(—A).

So far we have always fixed an arbitrarily chosen prime element 7 of K.
Now we have to investigate what happens when we pass from 7 to another
prime element 7’. For this we use a lemma about the completion T of the
maximal unramified extension T over K. We again denote by ¢ the (universal)
Frobenius automorphism of T|K, whose restriction to an unramified finite
extension L|K yields the Frobenius automorphism ¢, g (cf. §4, p.88). If we

think of ¢ as continuously extended to the completion f, then we have the
Sublemma. U;fl = Uz and (¢ — 1)o7 = 0.

Proof. It follows immediately from the definition of the Frobenius automor-
phism ¢ that the automorphism ¢ of the algebraic closure of the residue field

T =T induced by ¢ satisfies the following equations

X =X =+

() T )P =T and (p-1)F )=T |
x =+

where ? and T" are the multiplicative and additive group of ? Furthermore

—=X =+ =+
(%) Up/UL=T ,UR/UST' =T and op/ps 2pl/pi =T .

=X =+
Now if x € Uz, resp. © € 05,thenZ = ¢y1 /g1 € T ,resp. T =0~ €T
so that
_ YU 1 _
x = Tala Y1 € U, a1 € Uz, resp. & = py1 — Y1 + a1, Y1 € Oz, a1 € Pg.
1
Because of () and (x*x) we obtain
2
ay = ﬂag, Y2 € U%, as € U%, resp. a1 = Py — Y2 + a2, Y2 € Pp, az € p%,

Y2
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and therefore

xW'a% resp. = @(y1 +y2) — (y1 +y2) + az.
1°Y2

Continuing in this way, we have

_ 1 yn)
YL Yn

:L':Sa(y1+"'+yn)_(y1+"'+yn)+ana ynep;‘ilv anep%a

“On s Yn € qufl ; an € UZ,  Tesp.

and passing to the limit

ey
T="" y=[[vm€Usp resp. z2=0y—y, y=> y€os

n=1

Using this sublemma, we now prove a result similar to (7.1).

(7.11) Lemma. Let 7 and 7’ = u-m (u € Ug) be two prime elements of
K, and let f € &, ' € &4. Then there is a power series

0(Z) =eZ mod degree 2, ¢ a unit,

with coefficients in the ring 04 of integers of T with the following properties:

(1) 09(2) = 0(ug(2)), '
(2)  0(F(X,Y)) = Fp(6(X),0(Y)),
(3) 0(af(Z)) = ap(0(Z)) forallac o.

Proof. By the sublemma we have u = pe/e, € € Uz, and we set 6,(2) = eZ.
We assume that we have constructed a polynomial 8,.(Z) of degree r such that
02(Z) = 0,(up(Z)) mod degree (r+1),
and look for a polynomial 6,.1(Z) = 0,(Z) + bZ"T1, which satisfies the same
congruence with r + 1 instead of 7. If we set b = a - "1, we obtain for a the
condition a — pa = ¢/(pe) 1, where c is the coefficient of Z"*1 in the series
02(Z) — 0-(ur(Z)). Because of the sublemma there always exists such an a;

thus we obtain 6,11 and therefore the series 8(Z) = lim,_,, 6,.(Z) satisfying
the condition 6%(Z) = 0(us(Z)).

15) 9% is the power series obtained from @ by applying ¢ to the coefficients of 6.
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In order to obtain (2) and (3), we have to modify the § we just constructed.
Consider the series

h=6%0fof ! :90ufof09_1 :90#}09_1’
where the symbol o stands for evaluation. Its coefficients lie in 0.4, and because
h¥ = 0“’07r3§p 007% =0¥0 fourof~% = h, they even lie in 0, since an element
in T which is fixed by ¢ lies in K, as one can easily verify. From this we get

WZ)=e-n' e 'Z=n"Z mod degree2 and

hZ)=0°(f(01(2))) =09(071(2)?) = 09(0~%(Z%)) = Z? mod 7/,
so that h € &. Now we replace 6 by 1y 5 o 0; then (1) still holds for this
modified 6, and we have f' =6¥ o fof~' =fon;of!.
For the proof of (2), we show that the series
FOX,Y) = 0(F; (67 (X),071(Y)))

satisfies the conditions of (7.1), which characterize the series Fy/ (X,Y). It
is clear that F(X,Y) = X + Y mod degree2, a trivial calculation using the

formula f" =0 on o 6~ shows that F(f'(X), f'(Y)) = f(F(X,Y)), and by
the remark at the end of (7.1) the coefficients of F/(X,Y") lie in o.

Now (3) follows similarly, one shows that the series § o ay o ! satisfies the
conditions of (7.1), which characterize the series a .

(7.12) Corollary. Let m and @’ = u - w be two prime elements in K, and let
f €&, [ €& Then X\ — 0()\) yields an isomorphism of o-modules

Apn = Agr .

Proof. Note first that if A € Ay, then 8(\) € Ay, because

FOMN) = (@) (0(N) = O((u™ - 7") £ (X)) = 6(0) = 0.
That the map A — 6()) is a homomorphism follows immediately from the
formulas (2) and (3) of (7.11). If §(\) = 0, then we necessarily have A = 0,
since otherwise 0 = € + a1 A + - - -, which is not possible because ¢ is a unit.
Therefore the map is injective. It is also surjective, since by (7.6) both Ay,
and Ay, are isomorphic to 0/7"-0 = o/7'"-0, and therefore have the same
order.

For distinct prime elements 7 and " of K, the fields L, ,, and L ,, may very
well be distinct. However, the previous corollary implies the following;:

(7.13) Proposition. T-L.,, =T-L .
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Proof. By (7.12) Ap, = 0(Ap,) C f\-LM (completion of T"Ly,). Since
Apr g generates the field L ,,, we have T L7T 2 CT- L7T n, and thus by symme-
try TL Lnr oy = =TI Ly . Therefore T-Ls ,, = T-Ly 5, since both fields represent
the algebraic closure of K in TL L .

Since 7' is unramified and L, is totally ramified over K, TN L., = K.
Therefore the Galois group Gr., |k of T Ly K is the direct product

Gr.r, .k =Grix X Gra.

We now define a homomorphism

Wy - KX — GT'LW,”\K
as follows: If a = u - 7™ € K*, u € Uk, then let

wﬂ(a)|T =™ € Gk,

cu,r(a)‘Lr =0y € Gron,
where ¢, is the automorphism on L, , that corresponds by (7.9) to the class
u UL € Uk /UZ%; in other words, the restriction w,(a) is determined

by wr(a)A = (u™1) s (N), X € Afp.

|L7r,n

We now come to the main goal of this section by showing that the homo-
morphism w, coincides with the one induced by the universal norm residue
symbol ( , K):

(7.14) Proposition. For every a € K*, we have
wr(a) = (a, K)|r.L, ,-

Proof. Since the prime elements of K obviously generate K *, it suffices to
prove the theorem for prime elements a. First let a = 7. Then

wr(m)lr = ¢ = (0, TIK) = (1, K)lr (cf. (4.10))
and, since by (7.10) 7 is a norm from L ,,, we have
wr(m)|L,,, =01 =1dL, , = (7, L n| K) = (7, K)

|L7r,n'

Therefore
wﬂ-(ﬂ') = (’iT,K)|T.Lﬂ’n.

If 7" =w-m, u € Uk, is another prime element of K, then T- L, =T L,
by (7.13) and, we have again (cf. (4.10))

wr ()| = ¢ = (7', T|K) = (', K)|r.
Thus it remains to show that
wr(m)lL,,,, =@ KL, -

Now (7', K)|r,,, = (7', La n|K) = idy, , since by (7.10) 7’ is a norm of
Ly 5. This means that we have to verify that
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wﬂ'(ﬂ-,)‘Lﬂ/m = ldL I

in other words, we have to show that w.(7")\" = X for A € Ay ,,, where
f €. By (7.12) Ay, = 6(Ay,,), and our claim will follow if we can show

wr(7)O(N) = 0(N) for X € Ag,,.
For this, we consider
wr (1) = wr(u-m) = we(u) o we ().
From the above we have the following identities
we(MA=X (A€ Apy), wr(mr=¢, wg(w)|r=1idr.

If we think of the last two automorphisms as continuously extended to T ,
then we obtain from (7.11) the formula

wr (7)0(A) = (wr (1) 0 wr (m)O(X) = wr(u)0? () = 0% (wr (u)A)
= 07((u™") s (V) = 6(N),

which completes the proof.

We can describe the norm residue symbol ( ,Lx,|K) of the abelian and
totally ramified extension L. ,|K as follows:

(7.15) Theorem. Ifa =u -7 € K*, u € Uk, then
(ay Lo K)XN = (u™1)f(N) forall X € Ay, C Ly .
The norm group of the extension Ly ,|K is the group Up x ().

Proof. It follows from (7.14) that (a, K)|r.L,, = wx(a). Therefore (a, K)\ =
(ay Len| K)N = wr(a)X = (u™')¢(N). Thus an element a = u - 7™ € K*,
u € Uk, is a norm of the extension L, ,|K if and only if (a,Lr,|K)\ =
(u™h)p(A) = X for all A € Ag,,. By (7.7) this is equivalent to u € U%, i.e., to
a €U x (7).

As an application of (7.15) we discuss an example which can be considered
the starting point of the material presented in this section; this example is
also important for global class field theory (cf. the proof of (5.5) in Part III).

Let K = Q,, be the field of p-adic numbers. Then p is a prime element in K,
and we choose for f € &, the polynomial

f(Z):(1+Z)p—1:pZ+(12)>Z2+...+Zp,

so that n
f2Z2)y=01+2z2)y -1.
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The zero set Ay, consists of the elements A = ( —1, where ¢ runs through the
p"-th roots of unity. Thus the field L, , is precisely the field of p"-th roots of
unity over Q,. Hence we have:

(7.16) Theorem. Let a = u - p™ € Q;, u a unit, and let { be a primitive
p"™-th root of unity. Then

(a,Q,(0)1Q,)¢ =",
where r is a positive integer which is mod p™ determined by the congruence

r=u"'mod p".

Proof. Set A=¢—1¢€ Ay, Then r-u = 1mod p”, and by (7.15) and (7.7)

(@, Q,(O)IQ)A = (u™) s (A) = (V).

On the other hand,
Tf(Z) = (1+Z)T_ ]-a

since this polynomial obviously satisfies the conditions of the definition
rr(Z) =rZ mod degree2 and f(r;(Z)) =r;(f(Z2)).
Therefore

(0, Q,()IQ,)C =r;AN) +1=r(C-1)+1=("

After this example we return to the general case. In (4.9) we have shown that
the norm groups of the unramified extensions L|K are the groups Ux x (n7).
We now characterize the norm groups in the totally ramified case.

(7.17) Theorem. The norm groups of the totally ramified (abelian) exten-
sions L|K are precisely the groups which contain the groups

Ug x (m) (m prime element).

Proof. By (7.15), a group containing U x (7) belongs to a subfield of Ly ,,

and thus to a totally ramified extension L|K. On the other hand, a totally

ramified extension L|K will be generated by a root A of an Eisenstein equation
X¢4+---4+71=0,

where the prime element 7 is the norm of the element +X. Therefore we have

(m) € NpjgL*. Since Ny L™ is open in K*, we further have Ug € Ny x L™

for an appropriate n, hence Ny|xL* contains the group Uz x ().

(7.18) Corollary. Every totally ramified abelian field L|K is contained in
some Ly .

In view of Theorem (6.4) we also note the following fact:



§ 7. Explicit Determination of the Norm Residue Symbol 109

(7.19) Theorem. The group U x (rf) is the norm group of the field K'- L ,,
where K'|K is the unramified extension of degree f.

Obviously U}}x(ﬂ'f) = (UKX(ﬂf))ﬂ(U}éx(ﬂ)) = NK/|KK’X0NLW,”|KL§,” =
NK/,Lman(K/ . Lﬂ,n)x.

(7.20) Definition. Let L| K be an abelian extension, and let n be the smallest
integer > 0 such that Uy C NL|KLX. Then the ideal

f=pk
is called the conductor of L|K 9.

The conductor of the extension L ,|K is the ideal f = p’. For the unramified
extensions L|K, we have the

(7.21) Theorem. An abelian extension L|K is unramified if and only if it
has conductor f = 1.

The follows immediately from (4.9), L|K is unramified if and only if the norm
group N L™ has the form Uy x («7), thus if and only if f = pf = 1.

The notion of a conductor is closely related to the discriminant and plays a
role in global class field theory!'?).

We end this section with a brief discussion of the universal norm residue
symbol (, K), which is characterized by the following theorem.

(7.22) Theorem. Let w be a prime element of K, f € &, Af = oy Afn,
Ly =Up_ i Ly = K(Ay), and G = G k-
The field T-L is (independent of 7) the maximal abelian field over K. Thus
G = Grix % Gr.
Ifa=u-m € K*, u € Uk, then the norm residue symbol (a, K) is given by
(a, K)lr =™, (a, K)X= (u"1)(\) for A € Ay.

Proof. By (6.4) the norm group of an abelian field L|K is a group containing
the group U x (n7). By (7.19) L is a subfield of a field K'-L, ,, K' C T,
hence a subfield of T-L,, the maximal abelian extension of K.

16) Here we set U?( =Ug.
17 Cf. [3], [20].
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Because G2 = Gk X G, the norm residue symbol (a, K') is determined by
the equations

(a, K)|7 = ™, (a, K)X = (u"1)¢(N) for X € Ay,
which hold by (4.10) and (7.15).
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§ 1. Number Theoretic Preliminaries

We assume the reader is familiar with the basic concepts and theorems of
algebraic number theory for which we refer to the standard text books, for
example, [6], [21], [30]. Nevertheless, in this section we briefly summarize the
for us most important facts.

If K is a finite algebraic number field, we mean by the primes p of K the classes
of equivalent valuations of K, where we distinguish between the finite and
infinite primes p. The finite primes p are associated with the nonarchimedian
valuations of K and correspond bijectively to the prime ideals of the field
K, for which we use the same symbol p. For the infinite primes we have
to distinguish further between the real and complex infinite primes. The real
primes correspond bijectively to the different embeddings of K into the field R
of real numbers, while the complex primes correspond bijectively to the pairs
of complex conjugate embeddings of K into the field C of complex numbers;
we observe that two conjugate embeddings of K into C produce the same
valuation of K. We write p 1 co (resp. p | 0o) if p is finite (resp. infinite).

If p is a finite prime, we denote by v, the exponential valuation of K associ-
ated with p, normalized with smallest positive value 1. We get an additional
normalized valuation if we associate with each prime p its p-absolute value
| |p- This is done in the following way:

1) If p is finite and p is the rational prime lying under p, then for a € K,
a#0,let al, = N(p) =@ = p=/rv»(@) Here M(p) denotes the absolute
norm of the ideal p, thus the number pf* of elements in the residue field
of p; fp is the inertia degree, i.e., the degree of the residue field of p over
its prime field (cf. II, §3, p. 79).

2) If p is real infinite and ¢ is the embedding of K into the field IR associated
with p, then we set |a|, = |tal], a € K.

3) If p is complex infinite and ¢ is one of the pair of conjugate embeddings
of K into the field C of complex numbers associated with p, then we let
laly = |eal?, a € K.

With this normalization of the (multiplicative) valuations of K we have
lalp, =1 (a € K ~{0}) for almost all primes p, and the fundamental product
formula

IMlas =1, ac k>
p

D Cf. [21], III, §20, p.314. As always, K* denotes the multiplicative group of the
field K.
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If S is a finite set of primes of the field K containing all infinite primes, then
K% ={a€ K* |uvy(a) =0 (ie., |a|, = 1) for all p & S}

is called the group of S-units of K. In particular, if S = S, is the set of all
infinite primes of K, then K> is the usual unit group of K. We have the
following generalization of Dirichlet’s

(1.1) Unit Theorem?. The group K* is finitely generated, and its rank is
equal to |S| — 1, where |S| denotes the number of primes in S.

We write Jg for the group of ideals of K, and Px C Jg for the group of
principal ideals. The factor group Jg/Pk is called the ideal class group
of K. It satisfies the

(1.2) Theorem?. The ideal class group Jx / Pk is finite; its order h is called
the class number of the field K.

For every prime p of K we have the completion K, of K with respect to the
valuation associated with p. If p is finite, then K, is a p-adic number field. The
prime p is real (resp. complex) infinite if and only if K, = IR, (resp. K, = C).

We set
U — unit group of the field K, if p is finite;
P K., if p is infinite.

It is convenient to define the unit groups U, for infinite primes as well, since we
do not want to always have to distinguish between finite and infinite primes.

If L|K is a finite extension of a number field K, we denote the primes in the
extension field L by B. If P is a prime of L lying above the prime p of K, then
we write 8 | p for short. In this case the completion Ly of L by B contains
the field K, since the restriction of the valuation associated with 3 from L
to K yields the valuation of the field K associated with p.

Ly We have illustrated this situation in the
adjacent diagram. The transition from the
| “global” extension L|K to the “local” ex-

L Ky tensions Ly| K, at the individual primes is
the fundamental principle behind class field
theory.

K

If p is a prime ideal of K and p = PB°-- ~i)3’e/ is the prime decomposition of p
in the extension field L, then p = B¢, where p (resp. ), denotes the prime

2 Cf. [21], 111, §28, p. 528.
3 Cf. [21], II1. §29, p. 542.
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ideal of the field K, (resp. of the extension field Ly). Moreover, P has the
same degree over p as P over p. If 0 runs through all the primes of L lying
over p, then we have the fundamental equation of number theory

> Ly : K] = [L: K].
Blp

Let L|K be a finite normal field extension with Galois group G = G k. If
o € G, then along with P | p we also have o3 | p, where o*B is the prime of
L conjugate to P with respect to o.

Ly Loy If we complete L with respect to P and
/ ~ - o’B, then K, is contained in Ly as well
as in Lo, since p lies under P as well as
‘ under o*13.

There is a canonical K-isomorphism

Ly~ Loy

between Lgz and Ly which we also denote by o. In fact, if @ € L, thus
a = P-lim o; for some sequence a; € L, then the sequence oca; € L converges
in Lesp with respect to o’B, and the canonical isomorphism is obtained from

a=P-limo; € Ly — oo = P-limoo; € Loy,

Under this isomorphism the field K, is obviously fixed elementwise. In par-
ticular, in case f = o we obtain a Ky-automorphism
Ly~ Ly,

and therefore an element of the Galois group G, |k, of Ly |K,. This auto-
morphism is simply the continuous extension of the automorphism o of L to
the completion Ls. If we observe that 8 = ¢o*P if and only if ¢ is an element
of the decomposition group Gsp € G of P over K, we see that for each o € Gy
there is a corresponding element in Gk, Conversely, every automorphism
of Gry Kk, yields an automorphism in Gy by restriction to the field L. This
yields a canonical isomorphism between the Galois group G, |k, of the lo-
cal extension Lg|K, and the decomposition group Gz, and we can identify
Gy K, and Gy therefore we can consider G|k, as a subgroup of G, i.e.,
Gryx, = Gy € G. In what follows we will identify these groups without
further mentioning.

The Theory of Kummer Extensions. Later we will apply the following
observations to algebraic number fields; however, since they hold for arbitrary
fields, we state them in full generality.
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Let K be a field containing the n-th roots of unity but whose characteristic
does not divide n. By a general Kummer extension of K we mean a (finite
or infinite) Galois extension L of K whose Galois group G,k is abelian and
has exponent n, i.e., has the property that o™ =1 for all 0 € G k. It is easy
to see that the compositum of two Kummer extensions L; and Lo of K is
again a Kummer extension. Therefore the union N of all abelian extensions
of K with a Galois group of exponent n is the largest Kummer extension of
K. The following theorem shows that one can read off the structure of the
Kummer extensions of K from the multiplicative group K* of K.

(1.3) Theorem. There exists an inclusion preserving isomorphism between
the lattice of Kummer extensions L of K and the lattice of certain subgroups
A of K*. Under this isomorphism the group A = (L*)*NK* D (K*)" cor-
responds to the Kummer extension L, and the field L = K ( {L/Z) corresponds
to the group A, (K*)" C AC K*:

L— A= (L*)"NKX*,
Ai—)L:K({L/Z).

The factor group A/(K*)" is isomorphic to the character group x(Gp i) of
the Galois group Gk -

Proof. Let L be a Kummer extension of K and G = Gk its Galois group.
Then G has exponent n and acts trivially on the group p,, of n-th roots of
unity which lies in K. Hence x(G) = Hom(G, u,) = H' (G, u,,). If we associate
with every € L™ its n-th power z" € (L*)", we obtain the exact sequence

1 — py, — L 2 (L) — 1
and from the resulting cohomology sequence the connecting homomorphism
L = KX 5 (L)% = (L))" N K* 5 HY(G, ) — HY(G, L) =19,
which yields the isomorphism
(L) 0 K*) J(K*)" = HY(G, ) = X(G).
It is easy to check that this isomorphism takes a class a - (K*)™ € ((L*)™ N
K*X)/(K*)™ to the character x, € H*(G, u,) with x,(c) = o({/a)/ Va.

In particular, if we consider the maximal Kummer extension N over K with
the Galois group G = G|k, then (N*)" N K* = (K*)", since if (K*)" C
(N*)™ N K*, then there would exist an element ¢ € K* whose n-th root
{/a would not lie in N*, and therefore would generate over N a still larger

4 Note that H*(G,L*) =1 by 1II, (2.2)). Of course, the exactness of this sequence
can be shown without reference to cohomology, and one can develop the theory
of Kummer extensions without using cohomological methods.
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Kummer extension over K. Consequently we have an isomorphism
KX /(K*)" = HY(G, p) = x(G).

By Pontryagin Duality, there is an inclusion reversing lattice isomorphism
between the lattice of closed subgroups of G and the lattice of subgroups
of x(G). Since x(G) = K*/(K*)", we have by Galois theory an inclusion
preserving isomorphism between the lattice of Kummer extensions and the
lattice of subgroups of K* which contain (K *)". If the field L corresponds
to the group A in this sense, then

L A= (L*)"NK*:Ifae K*, thena € A & xa(0) =1 (xa € X(GN|k))
for 0 € Gy & o(/a) = fafor 0 € Gyip & Jac L s ac (LX)

2. L =K(VA):Ifo e G = G|k, then 0 € Gn|p & Xa(o) = 1 for a €
Aso(t/a) = (L/EforaeA<:>U|K(w):idK(g/Z)@cfeGN‘K(Q/Z).

§ 2. Ideles and Idele Classes

In the following we will consider ideles® which were first introduced by
C. CHEVALLEY. The notion of ideéles is a slight modification of the notion
of ideals, or, more precisely, of divisors. Its significance lies in the fact that it
permits a transition between global and local number theory, and therefore
represents a suitable mean for applying the local-global principle, which is a
method to obtain theorems and definitions in global class field theory from
local class field theory. The development of the global theory using ideéles to-
gether with cohomological methods is particularly transparent, and has led
to a plethora of far-reaching results. As a result, the analytic methods, i.e.,
Dirichlet series and their generalizations, which were necessary in the classical
ideal theoretic treatment of class field theory, have disappeared®.

Let K be an algebraic number field. An idéle a of K is a family a = (a,) of
elements a, € K, such that p ranges over all primes of K, but a, is a unit in
K, for almost all primes p. We also obtain these ideles by the following

(2.1) Definition. Let S be a finite set of primes of K. The group

=11 < L v c [] 55

peES pés p

5) The ideles were first called ideal elements. Then this was abbreviated to id. el.
from which the name idel (in French idele) evolved.

6 Yet even today these methods represent an essential counterpart to the approach
we follow here, and have not lost their importance.
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is called the group of S-idéles of K. The union
Iy = U I3 C H KX,
s p

where S runs through all finite sets of primes of K, is the idéle group of K.
If a = (ap) € Ik, a, € K, then the a, are the local components of the
idéle a; an a, € Kg is an essential component of a if a, is not a unit.

In particular, an idele has at most finitely many essential components. The
S-ideles are precisely those ideles which have essential components at most at
the primes in the set S.

The reason why we allow units as “nonessential” components at almost all
primes of an idele is that this allows us to canonically embed the multiplicative
group K* of the field K into the idele group Ix of K:

If x € K*, then we let () € Ix be the idele whose components are (z), =
z € K,°. Observe that « is a unit in K, for almost all primes p. In this way
we always consider K* as embedded in Ix, thus view K* as a subgroup of
I . The ideles in K* are called the principal ideles of K.

If S is a finite set of primes of K, then we denote by

K =K*nIZ CIy
the group of S-principal ideles. The elements in K are also called the S-units
of K, since they are units for all primes p ¢ S (cf. §1, p. 114). In particular, if

S = S. is the set of all infinite primes of K, then K> is the ordinary unit
group of the field K.

(2.2) Definition. The factor group
Ck =Ig/K*
is called the idéle class group of the field K.

In our development of class field theory the group Ck is the main object of
interest. The connection between the ideles and the ideals of a field K is given
in the following proposition.

(2.3) Proposition. Let So, be the set of all infinite primes of the field K,
and let IIS("o be the group of idéles which have units as components at all finite
primes. Then we have a canonical isomorphism

I /15> = Ji, I/l K> = Jg /P,

where Ji and Py denote the group of ideals and principal ideals respectively.



§2. Ideles and Idele Classes 119

Proof. If p is a finite prime of K, we let v, be the valuation of K, normalized
with minimal positive value 1. If a € Ik is an idele of K, then we have a, € U,
for almost all finite primes, and therefore vya, = 0. We obtain from the map

ar— H pete
pfoo
where p ranges over all finite primes of K, a canonical homomorphism from
Ik onto Ji. Here a is mapped to the unit ideal if and only if vya, = 0, i.e.,
a, € Uy for all p { oo, thus if and only if a € IIS(‘”. Hence the kernel of this
homomorphism is 1 IS;C. On the other hand, we have the homomorphism

ar— H pUr . P
ptoo
from I onto Ji /Pk, and ais in its kernel if and only if Hp’(oo pUrtr € Prie.,
Hp)(oo pr® = (2) = [0 p*»* with z € K, thus if and only if vya, = vz,
vyp(ap-z~) = 0 for all p f co. This again is the case if and only if a-z~! € If{x,
thus a € o:'IIS("", i.e., if and only if a € IIS("‘NKX.

The group Ik /I f;‘” is none other than the well-known group of fractional
ideals of K. It is easy to see that when passing to ideals, the S-ideles become
precisely those ideals that are generated only by prime ideals in S.

Unlike the ideal class group Jx/Pk, the idele class group Cx = I /K> is
not finite. However, the finiteness of the ideal class group is reflected in the
fact that all idele classes in Cx can be represented by S-ideles a € [ IS( for a
fixed finite set S of primes. This is the assertion of the following proposition.

(2.4) Proposition. Let S be a sufficiently large finite set of primes. Then
Ix = I2-K*, and therefore Cyx = I5-K*/K™.

Proof. The ideal class group Jx / Pk is finite (cf. (1.2)). Hence we can choose a
finite set of ideals 1, ..., 2, which represent the classes in Jx / Pk . The ideals

A1, ...,2, are further made up of only finitely many prime ideals py, ..., ps.
Now if S is any finite set of primes containing the primes pq,...,ps and all
the infinite primes of K, then in fact

Ig =15 - K*.

In order to see this, consider the isomorphism I /15 = Jg (cf. (2.3)). If
a € Ik, then the corresponding ideal 2 = HMOO pPr lies in a class A; - Py,
ie, A =2;-(x), where (x) € Pk denotes the principal ideal given by z € K*.
The idele a’ = a-2~! is mapped under the homomorphism Ix — Jx onto the
ideal 2" = Hp)[oo p?»% = ;. Since the prime ideal components of 2; lie in the
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set S, we have vya, = 0, ie., a, € Uy for all p € S; thus o’ = a-27! € I,
aclg K*.

We now investigate what happens when we pass to an extension field.

Let L|K be a finite extension of algebraic number fields. If p is a prime of K
and P a prime of L lying over p, we write simply P | p. The idele group Ik
of K is embedded in the idele group I;, of L as follows: If we map an idele
a € I to the idele @’ € Iy, with the components

ap=a, € K, C Ly for Pp,
then we obtain an injective homomorphism
Ix — Iy, .

This homomorphism allows us to think of I as being embedded in I, and
to regard [ as a subgroup of I;,. With this identification, an idele a € Iy, is
in the group I if and only if its components ay lie in K, (where 9B | p), and
moreover any two primes ‘B and B’ lying over the same prime p of K have
equal components ayp = agp: € K.

If L|K is normal and G = G| denotes its Galois group, Ir is canonically
a G-module: An element o € G defines a canonical isomorphism from L, -1y
onto L, which we also denote by o (cf. §1, p.115). Here we associate with
an idele a € Iy, with components ayp € L% the idele oa € I, with components
(Uﬂ)r,p =00s-1p € Lgp .

Note that ag-193 € L,-143 is the o~ B-component of a, which is mapped by o
into Les. If we take into account that the *B-component (oa)q of oa is essential
if and only if the o~ *B-component a,-1p of a is essential, we immediately see
that when passing to ideals, the map induced by a — oa is just the ordinary
conjugation map on the ideal group Jr..

(2.5) Proposition. Let L|K be normal with Galois group G = G'r|x. Then

I¢ = Ig.

Proof. The inclusion I C I¥ is easy. If ¢ € G, then the isomorphism
Lo-1p % Ly is a Kp-isomorphism (P | p), and if a € I is considered as an
idele of Iy, then (ca)p = oa,-1y = ocap = ap € K, ie., ca=a.

For the inclusion I¢ C Ik, consider a € I, with ca = a for all 0 € G.
Then (ca)p = ca,-1p = ayp for all primes P of L. By §1, p.115 we can
consider the decomposition group Gy of B over K as the Galois group of
the extension Ly|K,. For every o € Gyp we have o~ P = P, and because
ap = 0G,-1y = oy, we obtain ap € K, (P | p). Hence if o is an arbitrary
element of G, then (ca)p = ap = oa,-1y = a1 € Ky, ie., two primes
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B and o~ lying above the same prime p of K have the same components
ap = a,-1p € Ky, so that a € Ik.

It is well known that an ideal of a field K can very well become a principal
ideal in an extension field L without being a principal ideal in the base field K.
The following proposition shows that the ideles behave differently.

(2.6) Proposition. If L|K is an arbitrary finite extension, then
L*NIg=K*.

In particular, if a € I is an idele of K that becomes a principal idele in the
extension L, i.e., a € L*, then a is already principal in K.

Proof. The inclusion K* C L* N Ik is trivial. Let L be a finite normal
extension of K containing L, and let G = GE\K be its Galois group. Then Ik
and I, are subgroups of I;. If a € L* NIk, then (2.5) shows that a € Ig, ie.,

oa =a for all o € G, and because a € L*, we even have a € (ix)é = K*.
Therefore L* NI = K*, which implies L* NIx C L* NIx = K*.

By (2.6) we can embed the idele class group Ck of a field K into the idele
class group C, of a finite extension field L using the canonical homomorphism
LZCK—)CL, a-K*+—a-L* (CIEIKQIL).

To see that ¢ is injective note that if the class a - K* € Ck is mapped to the
unit class L* € Cp, hence a- L* = L*, a € L™, then we know by (2.6) that
ael*NIxg=K*, ie.,a- K*=K* is the unit class of Ck.

In the following we view Ck as embedded in C}, via this canonical map,
hence as a subgroup of C,. An element a-L* € Cf, (a € I1) lies in Ck if and
only if the class a- L™ contains a representative a’ from I (C Iy) such that
o - L*=a-L*.

(2.7) Theorem. Let L|K be with Galois group G = Gp|x. Then Cr is
canonically a G-module, and

C% =Ck.

Proof. If a-L* € Cf (a € Ir), we set o(a-L*) = ca-L*. This definition is
clearly independent of the choice of a € I, and makes C a G-module.
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From the exact sequence of G-module 1 — L* — I}, — C; — 1 we obtain
the exact cohomology sequence (cf. I, (3.4))

1— (L% —1¢ — ¢ — HYG,L™),
where (L*)¢ = K>, I¢ = I, and H*(G, LX) = 1; hence C¢ = Ck.

We briefly summarize the most important results from this section.

Let K be an algebraic number field. Then

17 = Tl,es Ky x [1,gsUp  the group of S-ideles of K
(S a finite set of primes of K),

Ik =Ug I the idele group of K,

K* Clg the group of principal ideles,

Cx =Ig/K* the idele class group of K,

Ix =13 KX for a sufficiently large finite set S
of primes.

If L|K is a finite extension of algebraic number fields, we have embeddings

Ix CIp, idele groups,
K* CL* groups of principal ideles,
Cg C(Cy, idele class groups.

If L|K is a finite normal extension with Galois group G = Gk, then L*,
I;, and C}, are G-modules whose G-invariants are given by

L =K%, I¢=1Ix, C%=Ck.

§ 3. Cohomology of the Idele Group

Let L|K be a finite normal extension with Galois group G = Gpx. We
consider the cohomology groups H?(G,I;,) of the G-module Ij,. These co-
homology groups reveal a particular advantage of working with ideéles since
they can in a certain sense be completely “localized ” , i.e., decomposed into
a direct product of cohomology groups over the local fields K. The goal of
this section is to explain this natural localization process.

Let S be a finite set of primes of the base field K and S the finite set of primes
of the extension field L above the primes in S. To simplify things, we denote
the group of S-ideles [f of L also by If, and speak of the S-ideles of the field
L; we will use the same convention in later sections as well. Thus we have
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i5= 1z I1 vs=T1T125 * I ITvw.
PlpeS PlpgS peS Plp PES Blp

We consider the products IE = Hfmp L% and UE = H‘B\p Uy as subgroups

of I7, where we think of the elements in I} (resp. in U}), as those ideles
which have the component 1 at all the primes of L not lying above p (resp.
and in addition have only units as components at the primes of L lying above
p). Since the automorphisms o € G only permute the primes P above p, the
groups I 2 and UE are G-modules. Thus we have decomposed [ *Lg into a direct

product of G-modules:
p=1[1 < [[v:.
pes pES
About the G-modules I} and U} we have the following

(3.1) Proposition. Let B is a prime of L lying over p. Then
Hq(Ga IE) = Hq(G‘Ba L53<3)7
where Gy is the decomposition group of P over K, considered also as the
Galois group of Ly|K,. If p is a finite unramified prime in L, then for all q
HY(G,U}) =1.

Addendum. The above isomorphism above is given by the composition
HYG, 1) *= HY(Gy, I7) = HY(Goy, L),

where 7 is induced by the canonical projection IE - L;} that takes each
ideéle in Iz to its B-component.

Proof. If o € G runs through a system of representatives of the cosets G /Gy,
we write for simplicity o € G/Gs, then o runs through all distinct primes
of L above p. Hence
D= 1[ Lip= [] oLy and U} = ] Uop = [[ oUs,
o€G /Gy o€G/Gy 0c€G /Gy 0eG /Gy
which shows that I} and U} are G/Gy-induced G-modules. Applying Shapiro’s
Lemma I, (4.19) yields
HY(G,I}) = H Gy, Ly) and HYG,U}) = H(Gy,Uy),

where the isomorphism H?(G,IV) — HY(Gsy, Lg) is the composition of the
homomorphisms res and 7 described in the addendum. If p is unramified in L,
then the extension Ly|K, is unramified, and we can refer to local class field
theory (cf. II, (4.3)) to obtain the result H4(G,U}) = HY(Gyp, Uyp) = 1.

Because of Proposition (3.1) and the decomposition I7 = [[,cq I} X [1 g5 UL

the cohomology groups of the ideéle groups I5 and I, are easy to compute. By
I, (3.8) we have
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HYG, I}) = [[ HYG, 1}) x [[ HY(G,U}).
pes pgs
If the finite set S contains all (finite) primes of K which are ramified in L, then
by (3.1) HY(G, I}) = HY(Gsy, Lg;) (B any prime above p), and H*(G,U}) =
for each p ¢ S. Therefore
UG, 17) = [] (G, L
peS
where 3 denotes any prime above p.
Because I, = (g If, we also have
HY(G, 1) = lim HY(G, I7) = lim [ [ HY(Gyp, L) = D HU (G, L) 7,
S S pes p

where S runs through all finite sets of primes of K which contain all ramified
primes ®). Thus we have proved the following theorem:

(3.2) Theorem. Let S be a finite set of primes of K which contains all primes
ramified in L. Then

HY(G,I?)

1

[[H9 G, L) .
pesS

HYG,I,) = @ H Gy, Ly). 7
Here B denotes any prime above p.

From the proof and the Addendum (3.1) we obtain further the

Addendum. The isomorphism H(G,Ir,) = @, H(Gy, Ly) is given by the
projections H(G,11) — H9(Gy, L), i.e., the composition of the maps

HY(G,I) <= HY(Gy, 1) H(Gy, L)

where 7 is induced by the canonical projection I, —— L% which takes each
idéle a to its P-component as.

™) By the symbol @ we mean the direct sum, i.e., the (here multiplicative) group
of families (..., cp,...), in which only finitely components ¢, not equal to 1 ap-
pear. By contrast [[ means the direct product, i.e., the group of all families
(coisCpyenn).

8) One can prove H(G,I) = @, H*(Gy, Ly) directly without forming the
somewhat mysterious limit: View an element of H?(G,Iy) as an element of
HY(G,I$) for an appropriate S, and map it by the isomorphism H(G,I?) =
[1,es H* (G, Ly) into the group [, g H?(Gy, L), which also can be viewed
as a subgroup of @, H?(Gg, Ly ). It is easy to verify that this is an isomorphism.
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The above projections map each element ¢ € HY(G, I1,) to its p-components
cp € Hq(qu,L,%) (as always, P is a fixed prime above p). The theorem
says that each c is uniquely determined by its local components c,, which
because of the direct sum € are almost all equal to 1. In dimensions ¢ > 0 the
map ¢ — ¢, can be described in the following simple way. Given a cohomology
class ¢ € HY(G,I1), choose a cocycle a(oy,...,0,) representing c. This is
a function on the group G with values in the idele group I. Restrict this
function to the group Gy, and take the P-components ag (o1, ..., 04) of the
idele a(oy, ..., 04). The resulting function from Gy to L% is a cocyle, and its

cohomology class ¢, € HY(Gsp, L%) is the p-component of c.

The following proposition shows how changing the field affects taking local
components.

(3.3) Proposition. Let N O L O K be normal extensions of K, and let
B’ | P | p be primes of N, L, and K respectively. Then

(ianC)p - ianq}/(CP% ce Hq(GL|KaIL)7 q Z 1a
(respc)p = resry, (cp), ce H(Gn|k,IN),
(corgc)p = D qp COTK, (), ce HY(Gyp, In).

For the last two formulas it suffices to assume that only N|K is normal.

For the third formula note that for each B | p we choose a prime P’ of N lying
above B, thus the corestrictions corg, (e ) lie in (a priori) distinct cohomology
groups H1(G N/ | Kp N,f;,). However, we can identify these as follows: Given
two primes of N lying over p, there is an automorphism o € G|k that
interchanges these primes; given this, the isomorphism Nfg, %N [,qu, induces
a canonical isomorphism Hq(GNm,‘KF,NfE,) = Hq(GN‘,%/levN;qy) (cf. also
(3.1)). Hence we may view corg, (cgz) for each B | p as an element of the
group Hq(Gqule , Ng/) for a fixed choice of P’ | p, and form the sum in this
group.

The proof of Proposition (3.3) uses the general and purely cohomological fact
that the restriction map which occurs when passing to the local components
commutes with the maps inf, res, and cor. This is easy to see at the cocycle
level for inf and res if ¢ > 1, and for cor if ¢ = —1,0. The general case follows
from this by dimension shifting. The details are left to the reader.

With Theorem (3.2) we have achieved a complete “localization” of the co-
homology of the idele groups, i.e., instead of the groups H%(G, ;) we may
consider the local cohomology groups H?(Gsp, L%), a principle, which we will
frequently use below. We make the important remark that Theorem (3.2)
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is not a deep number-theoretic result. Apart from purely cohomological re-
sults, the only number-theoretical facts that are being used in its proof is
the finiteness of the number of ramified primes in the extension L|K and the
cohomological triviality of the unit group Usp in an unramified local extension
Ly |K,. Nevertheless, Theorem (3.2) is fundamental for the idele-theoretic de-
velopment of global class field theory. In dimension ¢ = 0 it allows us to prove
the following corollary, which we refer to as the Norm Theorem for Idéeles:

(3.4) Corollary. An idéle a € Ik is the norm of an idéle b of I, if and only
if each component a, € K, is the norm of an element by € L% (Bp), ie.,
if and only if it is a local norm everywhere.

Proof. Note that HO(G, IL) = I[?/NGIL = IK/NG'IL and HO(GQ:;,L%) =
K} /NG, L. Thus by Theorem (3.2) we have Ix /NgI1 = @, Ky /Ney L.
If a € Ik, then this isomorphism takes the 0-cohomology class a - NgI;, =a
to its components d,, which by the Addendum (3.2) can be computed as
ay = ap - Ngy, L§3. Now, since we have an isomorphism, a = 1 if and only if
a, =1, ie, a € Ngly, if and only if for every component a, € Ng,, L%.

The Norm Theorem for Ideles is an analogue of the “Hasse Norm Theorem”,
which states that if L|K is a cyclic extension, an element x € K* is the norm
of an element y € L* if and only if it is everywhere a local norm, i.e., is a norm
for every extension Lg|K, (cf. §4, (4.8)). Contrary to the Norm Theorem for
ideles, the Hasse Norm Theorem is a very deep number-theoretic result, for
which up to date we do not have a direct proof. Corollary (3.4) only says
that the element x € K*, considered as a principal idele, is the norm of an
idele b of L; it leaves open the question whether this idele can be chosen as a
principal idele y € L*.

(3.5) Corollary. H'(G,I;) = H3(G,I) = 1.

This follows from (3.2), since H' (G, Lyy) = H'(Gsp, Lyy) = 1 for all B (cf.
I1, (2.2) and II, (5.8)).

The fact that H*(Gpx,Ir) = 1 implies that the extensions L|K form with
respect to the ideéle groups I, a field formation in the sense of II, §1. This
allows us to think of the cohomology groups H?(G Lk, I1) as the elements of

H*(Gox,1o) = JH*(Grik. 1), ¥
L

9 Here 2 denotes the field of all algebraic numbers; however H*(Ggk,Io) is used
only as notation for the union on the right. If we consider I; as the union of all
I, or more precisely I = h_n)lIL, then I is a Go|x-module, and we can define
H?*(Gg|x, 1) directly also for infinite Galois groups Gk (cf. [41]).
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where the inclusions are given by the injective (because H'(Gpx,Ir) = 1)
inflation maps. We will use this interpretation in all further considerations
below. In particular, if N O L O K are two normal extensions of K, then

H*(Gpk, 1) € H*(GNjk, In) € H* (G, La).

In local class field theory we have seen that the Brauer group Br(K) =
Us HQ(GL‘K,LX) of a p-adic number field K is the union of the cohomol-
ogy groups H? (G, L*) of the unramified extensions L|K, for which it is
relatively easy to prove the reciprocity law. The role of the unramified exten-
sions in the local theory is played in the global case by the cyclic cyclotomic
field extensions, i.e., cyclic extensions which are contained in a field which
is formed by adjoining roots of unity. We show already at this point the

(8.6) Theorem. Let K be a finite algebraic number field. Then

BT(K) = U HQ(GL|K7L><) and HQ(GQ\K7I.Q) = U HQ(GL|K7IL)7
L|K cyclic L|K cyclic

where L|K ranges over all cyclic cyclotomic extensions.
For the proof we use the following

(3.7) Lemma. Let K be a finite algebraic number field, S a finite set of
primes of K, and m a natural number. Then there exists a cyclic cyclotomic
field L|K with the property that

e m|[Ly: K,

] for all finite p € S,
o [Lyp: Ky =2  for all real-infinite p € S.
Proof. It suffices to prove the lemma for K = Q, the general case follows
from this by taking compositia. More precisely, if N|Q is a totally imaginary
cyclic cyclotomic field such that for every prime number p above which there
is a prime of K in S the degree [Ny : Q] is divisible by m - [K : @], then
L = K - N has the desired property.

Let I™ be a prime power and let ¢ be a primitive {"-th root of unity. If [ # 2,
then the extension Q(¢)|Q is cyclic of degree ("1 - (I — 1), and we denote the
cyclic subfield of degree I"~1 by L(I").

If | = 2, then the Galois group of Q(¢)|Q is the direct product of a cyclic
group of order 2 and a cyclic group of order 2772, In this case we consider the
field L(2") = Q(&) with £ = ¢ — (7. The automorphisms of Q(¢) are defined

1

by 0, : ¢ — (¥, v odd, and we have 0, (£) = (¥ — (V. Because (?" = —1,
0,(&) = 0_,4on-1(€), and since either v or —v + 2"7! = 1mod (4), the
automorphisms of L(2") = Q(&) are induced by those o, with v =1 mod (4).
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Now an elementary calculation shows that the Galois group of L(2")|Q is
cyclic of order 2"~2. Moreover, because o_1& = —¢, the field L(I") is totally
imaginary for large n.

If p is a prime number, then as n increases the local degree [L(I")y : Q,)]
becomes an arbitrarily large [-th power, since in any case [Q,(¢) : Q,] becomes
arbitrarily large, and we have [Q,,(¢) : L(I")p] < 1—1, resp. < 2 in case [ = 2.

Now if m = []* -+ -1+, then the field
L= L)+ LUg) - L(2")

has the desired properties, provided the n;, ¢t are chosen sufficiently large. In
fact, for the finitely many prime numbers p € S the local degrees [Ly : Q,] are
divisible by every power I;*, and therefore by m; L is totally complex because
of the factor L(2%), and L is cyclic over Q, since the L(I™) are cyclic over Q
with relatively prime degrees.

Proof of (3.6):  We only give the proof for H?(G |k, Io); the proof for Br(K)
is exactly the same if one replaces for the occurring fields L the idele group
I;, by the multiplicative group L*.

Let ¢ € H*(Gok,10), say ¢ € H*(Gp/k,I1), let m be the order of ¢ and
let S be the (finite) set of primes p of K, for which the local components ¢,
of ¢ are not equal to 1. By the previous lemma there is a cyclic cyclotomic
field L|K with m | [Ly : K] for the finite p € S and [Ly : K] = 2 for the
real-infinite p € S. If we form the compositum N = L’ - L, then we have
HQ(GL’|K,IL/) and H2(GL|Ka[L) g H2(GN\K7IN)a
and we will show that c lies in the group HQ(GL|K, I,). Since the sequence
1 — H*(Gpk,I) — H*(Gy ik, In) —= H*(Gn|1, In)

is exact, it suffices to show that respc = 1. But by local class field theory,
together with (3.2) and (3.3), we have respc = 1 & (respc)p = respgcp = 1

for all primes P of L < invy,, ry (respycp) = [Lyp @ Kyl - inv, k¢ =
vy, |k, CLL‘D:K‘J] = 0 for all primes p of K & CLL“S:K"] =1forallpes.

Now the last equality holds, because c;* = 1 and m | [Ly : K] for the finite
primes, and [Lg : K] = 2 for the real-infinite p € S.

§ 4. Cohomology of the Idele Class Group

The role of the multiplicative group of a field in the local theory is taken
by the idele class group in global class field theory. Thus our aim is to show
that there is a canonical reciprocity isomorphism between the abelianization
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of the Galois group G' = G| of a normal extension L|K of finite algebraic
number fields and the norm residue group Cx/NgClp; in other words: that
the finite normal extensions L|K of an algebraic number field K constitute a
class formation in the sense of I, §1 with respect to the idele class groups CJ,.

In particular, we will have to prove that H'(G,Cr) = 1 and that H?(G, Cr)
is cyclic of order [L : K]. This will follow from the so-called first and second
fundamental inequalities, which we prove below. The ideal-theoretic versions
of these inequalities were already used in the proof of the main theorems of
class field theory by TAKAGI (cf. [17], Teil T). Their proofs required, however, a
considerable effort; in particular, the second inequality is proved using mainly
Dirichlet series, thus analytic methods, which are redundant when working
with ideles.

In what follows we fix a normal extension L|K with a cyclic Galois group G =
Gk of prime order p. The first fundamental inequality is the relation

(Ck : NeCpL) > p.

It follows immediately from the following

(4.1) Theorem. The idéle class group Cy, is a Herbrand module with Her-
brand quotient
GO

MO = (@ oy =P

From this we obtain as a

(4.2) Corollary.
|H°(G,Cp)| = (Ck : NgC) = |H*(G,CL)| =p- |[H"(G,CL)| > p.

Remark. If we knew that H!(G,CL) = 1, then Corollary (4.2) would imme-
diately imply |H?(G,CL)| = p, thus that H?(G, C}) is cyclic of order [L : K].
However, contrary to the cases where instead of Cp one considers the idele
group I, (cf. (3.5)), or the multiplicative group L* (Hilbert-Noether Theo-
rem), this is not easy to show. That indeed H'(G,Cr) = 1 will follow only
from second fundamental inequality (Cx : NoCr) = |H(G,CL)| < p proved
in the next section. Because of the isomorphism H'(G,CL) = H~1(G,Cy),
it is easy to see that the statement H'(G,Cr) = 1 is actually equivalent to
Hasse’s Norm Theorem (cf. (4.8)) mentioned in the previous section. This
is the reason why a direct proof of Hasse’s Norm Theorem would be very
desirable; however, to date we do not have such a proof.

10) Gee 1, 86 for more on Herbrand quotients.
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Proof of Theorem (4.1). Let S be a finite set of primes of K such that

1. S contains all infinite primes and all primes ramified in L,
2. I, =17-L%,
3. I = I K*.
Note that by (2.4) such a set S certainly exists. Then we have
Cp=1I;-L*/L* =17 /L%,
where L° = L* ﬂlf is the group of S-units, i.e., the group of all those elements

in L which are units for all the primes 8 of L which do not lie above the
primes in S (cf. §2, p. 118 and §1, p. 114). From I, (6.4) we obtain

h(Cp) = h(IE) - h(L%) 7Y,
in the sense that when two of these Herbrand quotients are defined, then so
is the third, and we have equality.
The proof splits into two parts, i.e., the computations of h(I7) and h(L®).
Because of Theorem (3.2), the computation of h(I7) is a local question. Let
n the number of primes in S,

N the number of primes of L, which lie above S, and
ny the number of primes in S, which are inert in L.

Since [L : K| has prime degree, a prime of K that is not inert splits completely,
i.e., decomposes into exactly p primes of L; thus N =n; +p- (n — ny).

To compute the quotient h(I7) = |[HO(G,I?)| / |H (G, I?)], we have to deter-
mine |H°(G, I17)| and |H*(G, I7)|. We do this making use of the isomorphism
HY(G,I7) = [l,es H (G, L) from Theorem (3.2).

If ¢ = 1, the above isomorphism immediately yields H1(G,I?) = 1, because
Hl(Gm,Lg) = 1. If ¢ = 0, then H(G,I?) = HpesHO(qu,Lig), and it
remains to determine the order of HO(Gq},L%;), which is done using local
class field theory. In fact, we have H°(Ggp, Ly) = Gy (cf. 11, (5.9)), so that

|HO(G<13, Lf§)| _ { 1, if the prime p lying under 9 splits (because G = 1),

Hence |H°(G, I7)| = p™; since H'(G, I7) = 1, we have so h(I7) = p™.

p, if p is inert (because Gy = G).

For the computation of h(L®) we use the formula for the Herbrand quotient
from Theorem I, (6.10). By (1.1), the group L® = L* N 17 of S-units of L is
finitely generated of rank N — 1, and its fixed group (L°)¢ = K% = K*n L°
is the group of S-units of K and finitely generated of rank n — 1. Theorem I,
(610) ylelds h(LS) _ p(p(n71)7N+1)/(p71) :pnlfl‘

Since both Herbrand quotients h(I¥) and h(L®) are defined, h(Cy) is also
defined, and the above formulas imply h(Cr) = h(I7) - (L)~ = p.
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Theorem (4.1) has the following

(4.3) Corollary. Let L|K be a cyclic extension of prime power degree. Then
K has infinitely many primes which are inert in L.

Proof. First let the degree [L : K] = p be a prime number. We assume
that the set U of the primes of K remaining inert in L is finite. We show
that under this assumption Cx = NgCp, (G = G|k ), contradicting the first
fundamental inequality (4.2). Let @ € C'x and let a € Ik be a representative
idele of @ with local components a, € K. The group of p-th powers (K,)? is
open in K¢ with respect to the valuation topology by II, (3.6). Therefore for
each p € U, a,-(K, )P is an open neighborhood of the element a,, and since
the field K is dense in its completion K, we can find an z, € K which lies in
this neighborhood: z, € a,-(K px )P. The Approximation Theorem in valuation
theory implies further that there exists an ¢ € K, which approximates z;
arbitrarily closely with respect to the prime p for all p € 4. In particular, we
may assume that along with x, we also have = € a,-(K,*)?, and therefore
ap-x~t € (K,)P for all p € Y. We now claim that the idele o/ = a-z™! is
the norm of an idele b in Iy. By (3.4) this is the case if and only if every
component a;, € K is the norm of an element by € Lyy (P | p). For p € 4
this is true, because [Ly : Kp] = p and aj, = a,-2~" € (K)P, and for p ¢ 4
this is trivially the case, since p splits completely because of the prime degree,
and therefore Loy = K,. Thus we have a’ = axz~! = Ngb, b € I, from which
wegeta=a-K*=da - K*=Ngb-K* = Ng(b-L*). Hence Cx = NgCfy.

Now let L|K be cyclic of degree p". We assume that almost all primes of K
split in L. This means that the decomposition fields Zy are proper extensions
of K for almost all primes 3 of L, and therefore in each case contain a field L
between K and L of degree p. But in the cyclic extension L| K there is only one
field Lo of degree p, which is therefore contained in almost all decomposition
fields Zsgz. This implies that almost all primes p of K decompose in the cyclic
extension Lg of degree p, which contradicts the first part of the proof.

We now prove the second fundamental inequality (Cx : NgCp) < p
for cyclic extensions L|K of prime degree, making the additional assumption
that K contains the p-th roots of unity. In this case L is a Kummer extension:
L = K(3/z0), ©o € K*. We start with the following lemma:

(4.4) Lemma. Let N = K(¥/z), v € K*, be any Kummer extension over
K, and let p be a finite prime of K not lying over the prime number p. Then
p is unramified in N if and only if x € Uy, - (K, )P, and p splits completely in
N if and only if x € (K;\)P.

Proof. Let B be a prime of N over p. Then Ny = Kp(¢/x). If 2 = u - yP,
u € Uy, y € K, then Ny = K, (¢/x) = Ky({/u). If the equation X? —u =0
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is irreducible over the residue field of Ky, then it is also irreducible over K,
and Ng|K, is an unramified extension of degree p. If X? —u = 0 is reducible
over the residue field of K, then it splits into p distinct linear factors there,
since p is distinct from the characteristic of the residue field, and by Hensel’s
Lemma X? —u = 0 also splits into linear factors over Ky, so that Ny = K.
In both cases Nog|K, is unramified, i.e., p is unramified in N.

Conversely, if p is unramified in N, then Ny = K,({/x) is unramified over
K,, and we have ¢/z = u - 7%, where u € Uy and 7 € K, is a prime element
(of smallest value 1). Thus we have x = u? - 75P_ and therefore u? € Uy,
TP e (KS)P, ie., x € Uy - (K,)P.

The prime p decomposes in N if and only if Ny = K,(¥/x) = K,, hence if
and only if z € (K, )P.

(4.5) Theorem. Let L|K be a cyclic extension of prime degree p. Assume
the field K contains the p-th roots of unity. Then

|H°(G,CL)| = (Ck : NaCy) < p.

The difficulty here is that that we cannot a priori decide which idele classes
in Ck are represented by a norm idele, and therefore lie in NgCp. This is
completely different from the case of idele groups, where by the Norm Theorem
for idele groups a € Ik is a norm if and only if it is a local norm everywhere
(cf. (3.4)). We work around this by considering instead of NgCp, an auxiliary
group I which is constructed such that its elements are represented by norm
ideles, hence F' C NgCp, and which has the property that its index (C : F)
can actually be shown to be equal to p. Using this F', we obtain the inequality

(CK:NgCL) S (CK F) =DP.

Let L = K(g/xo), xo € K*. Let S be a finite set of primes of K such that

1. S contains all the primes above p and all infinite primes of K,
2. Ix =18 - K%,
3. 10 € K¥ =13 NK* (ie., xg is an S-unit).

Here 2. can be satisfied by (2.4), and 3. because z( is a unit for almost all
primes.

Together with S we choose m additional primes qi,...,q.,, & S that split
completely in L; set S* = SU{q1,...,qm}. To construct F, we have to specify
an idele group F C I whose elements represent the idele classes of F. It must
consist of nothing but norm ideles so that F C N Cy, it must be sufficiently
large to ensure that the index (Cx : F') is finite, and it must be simple enough
so that it is possible to compute this index. These properties are satisfied by
the idele group
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m

F=ll&r <58 < [Tve ™

pes i=1 pEs*

To see that F C Ng 1, it suffices by the Norm Theorem for idéles to convince
ourselves that the components a, of each idele a € F' are norms from the
extension Ly|K, (B | p).

This is true for p € S, because a, € (K, )? C Npy |k, Ly (regardless of
[Ly : Ky] = p or = 1); this is trivially true for p = q;, because q; splits
completely so that Ly = K,; and it is true for p ¢ S*, because x¢ € U, by 3.
and therefore by Lemma (4.4) each p ¢ S* is unramified in L = K(¢/zq), so
that ay € Uy C Npyk, Ly by IL, (4.4). If we now set F' = F-K*/K*, then
F C NgClp, since each idele class @ is represented by a norm idele a € F. To

compute the index (Ck : F'), we consider the following decomposition:
(Cx:F)= Iy -K*/K*: F-K*/K*)= (I3 -K* : F-K*) =
(I :F)/((IF nK*): (FNK*)) 2.

It allows us to split the computation of (Ck : F) into two parts, the compu-
tation of (I 15; : F), which is of a purely local nature, and the computation of
(IF NK*): (FNK*)), which uses global considerations.

I. We have (I : F) = [Tpes (K : (K)P); since S C S, the map

Iy — [ KX/ with avr— [T ap - (K
pes pes
is trivially surjective, and its kernel consists precisely of those ideles a € T I‘S;*
for which a, € (K;°)? for p € S lie in the kernel; i.e., the ideles in F. By the
local theory (cf. 11, (3.7)) we have

(K (K7 =p" - pl;

so that (I3 : F) = p** - [Tpes Ip|, !, where n is the number of primes in S.
Since the primes p ¢ S do not lie above the prime number p, [p|, =1 forp ¢ S,
and by the product formula [, |plp = [T, [plp = 1, hence (I% : F) = p>".

) That we consider precisely this idéle group is motivated as follows: If we start
heuristically with the reciprocity law, which has not been proved yet, we see that
the Kummer extension T' = K ( YKS ) has as norm group the idéle class group
E=E-K*/K* formed from E = [Tyes (K )? xI1,gs Up (ct. (7.7)). By inserting
additional factors K, i.e., choosing suitable primes g;, we try to enlarge Etoa
group F' such that ' becomes the norm group of the field L = K({/zo) CT.

12) The last of these equations results from a general elementary group-theoretical
fact: If B C A, C are subgroups of an abelian group, then the canonical surjective
homomorphism A/B — A-C/B-C has kernel ANB-C/B~ ANC/BnNC.
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II. An elementary calculation shows that
(I NK*): (FNK*X)) = (K% : (FNKX))
= (K5« (K5 P /(FOEX): (K9)P),
where K is the group of S*-units. By (1.1) this group is finitely generated of

rank n-+m—1 (n+m is the number of primes in S*). Moreover, K~ contains
the p-th roots of unity, and it easily follows that (K™ : (K9 )P) = pntm,

Altogether we therefore have
(Ck : NaCp) < (Ck - F) =p™ ™ - (FNK*) : (K%)P),

and the second fundamental inequality is proved, provided that we can choose
the primes q1, ..., q,, splitting in L in such a way that m =n — 1, and

K*nF =K% ([](KOP % [1 KX x [] Uy) =

peS i— pES*
=K*nN N (KS)PN ﬂKXm N U, =
peS =1 pegS*
=K*n N (K)PN ﬂ Uy = (K577
peS

using Lemma (4.4), we formulate this as follows:

Sublemma. There exist n — 1 primes of K, q1,...,q9,-1 ¢ S that split
completely in L and satisfy the following condition:

If N = K(¥/r) is a Kummer extension over K in which all p € S split
completely and all p # q1,...,q,—1 are unramified, then N = K(¥/z) = K.

In fact, the desired equality

K0 (&N () U= (&)
peS pES*
Npes (B )P N Npgs- Up and N = K(J/z). By (4.4) every p € S splits com-
pletely in N, since z € (K, )P. For p ¢ S* we have z € U, C U, - (K,)?, so
that every p ¢ S* is unramified in N by (4.4). Hence the sublemma yields
N = K(¥/z) = K, so that € (K*)?, and because x € U, for p & S*, z lies
in (K*)PNKS = (K3,

follows immediately from this. The inclusion D is trivial. Let z € K* N

The statement about the prime decomposition in Kummer extensions given
by the sublemma represents the global part of the proof of the second funda-
mental inequality. To prove it, we consider the field T' = K (W ) obtained
by adjoining the p-th roots of all the elements in the group K. By (1.3)

X(Grik) = K5-(KX)P/(KX)P 2= K% /(K5)P.
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Since K is finitely generated of rank n — 1 = |S| — 1 (cf. (1.1)) and contains
the p-th roots of unity, we have K% = (()xZ x---xZ; also K /(K%)P = ({)x
Z[pZ % ---xZ/pZ (¢ a primitive p-th root of unity). Thus the Galois group
G| is the direct product of cyclic groups 3; of order p, Gpx = 31X+ X 3y,
and we have for the field degree [T : K] = (K° : (K®)P) = p™.

The field L = K(¢/To) lies in T because zg € K, and it is easy to see that
we can assume Grpj, = 31 X -+ X 3,1. Let T; C T be the fixed field of
3i € GrK, thus Gy, = 3.

Because 3; C Grpp we have L C T; for
t=1,...,n—1, and the given fields form an
/ \ arrangement as in the diagram on the left.
Now we choose for each i = 1,...,n a prime
£; of the field Tj, such that the 9Q; are inert
\ / in T, and such that the primes q1, ..., qy ly-
ing under the Q; are all distinct and are not
| in S. This is possible by (4.3). We claim that
K the q1,...,qn—1 ¢ S satisfy the conditions
of the lemma.
To prove that qi,...,q,—1 split completely in L, we observe that T; is the
decomposition field of the unique extension ) of Q; to T over K, i =1,...,n.
This decomposition field Z; is contained in T}, since £; is inert in 7". On the
other hand, by (4.4), q; is unramified in every field K (¢/z), € K*, thus also
in T, so that the Galois group G|z, of T'|Z; is isomorphic to the Galois group
of the residue field extension of T'|Z;, and therefore is cyclic. But a generator
of G|z, has order p as an element of Gp|, hence [T : Z;] = p and Z; = T;.
Since L is contained in the decomposition fields T; for ¢ = 1,...,n — 1, it
follows that the primes q1,...,q,—1 split completely in L.

Set U; = U,,, i =1,...,n. We show next that the homomorphism
KS/(KS)P — [ U/ WP, o (KSy = [[a- (U (x € K9),
i=1 ;

is bijective. For injectivity note that if = € (U;)? C (K)P, then it follows
from (4.4) that the primes q1,...,q, split completely in the field K(¥/x), so
that K (¥/z) is contained in the decomposition fields T3, ¢ = 1,...,n. Hence
K(¥z)CNie,T; = K, and z € (KX)P N K% = (K%)P.

n

We show surjectivity by comparing orders. We know that (K : (K)P) = p™;
on the other hand, using II, (3.8) we find (U; : (Us)?) = p - |pl' = p, ie.,
(K% : (K®)P) and []}_, U;/(U;)? have the same order p".

Now let N = K({/x), x € K* be a Kummer extension in which the p € S split
completely and the p # q1,...,qn—1 are unramified. To prove that N = K,
it suffices by (4.2) to show that Cx = NyxCn. Let @ € Cx = I /K> =
IZ-K*/K*, and let a € I3 be a representative of the class @. If we set
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a0 = aq, - (U;)? (ag, € U;), i = 1,...,n, then the fact that K%/(K%)P —
[T, U;/(U;)? is surjective implies that there is a y € K with y- (U;)? = a;,
sothat ag, =y-u?, u; € U; for i =1,...,n. The idele o/ = a- y~! belongs to
the same idele class as a, and it follows easily from from the Norm Theorem
for ideles that moreover o’ € Ny|xIy: If p € S, then @), is a norm, since
p splits completely in N, and therefore Ny = K, (P | p). For the primes
qi, 2 =1,...,n—1, a’m = u? as the p-th power of a norm, and for p & S,
P # q1,--.,qn—1, the norm property of aj, follows by II, (4.4) from the fact
that a;, € Uy is a unit and by assumption p is in N, i.e., Np|K, (B | p) is
unramified. Therefore we obtain @ = a’ - K* € NygCy, i.e., N = K. This
proves the sublemma and consequently completes the proof of Theorem (4.5).

Theorems (4.1) and (4.5) together imply

(4.6) Corollary. If L|K is a cyclic extension of prime degree p with Galois
group G = Gk, and K contains the p-th roots of unity, then

HY(G,Cp) =2 H*(G,CL) =G and H'(G,Cp)=1.

From what we have shown for Kummer extensions, it is easy to prove the
following, more general result.

(4.7) Theorem. If L|K is a normal extension with Galois group G = Gk,
then we have H'(G,Cp) = 1.

We prove this by induction on the order n of the group of G. The case n = 1 is
trivial. Let us assume that H*(G,CL) = 1 for every extension L|K of degree
< n. If the order n = |G| is not a p-power, then each p-Sylow subgroup G, of G
has order smaller than n, so that by the induction hypothesis H!(G,,C) = 1,
and therefore H'(G,CL) =1 by I, (4.17).

Thus is suffices to prove this for a p-group G. In this case, let ¢ C G be a
normal subgroup of index p; ¢ is the Galois group of an intermediate field M,
K CMCL,g=Gpru. Now if p < n, then by assumption H'(G/g,Cys) =
H'(g,CL) =1, and from the exact sequence (cf. I, (4.6))

1 — H'Y(G/g,Cn) 25 HY(G,CL) X5 H'(9,C1)

we see that H'(G,Cp) = 1.

I/ Assume p = n. In order to be able to apply Corollary
/ (4.6), we replace K by the extension K’ obtained by
‘ adjoining a primitive p-th root of unity to K, and set
. L'=L-K' Obviously [K' : K] <p—1<p=nand
K [L’ : K'| = p. Because [K' : K] < n, resp. (4.6), we
have Hl(GKI|K, CK/) = Hl(GL/‘K/, CL/) = ].7 and
K from the exact sequence

L
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1 — HY Gy x,Cx) LN HY(Gpr,Cr) = H (G g, Crr)

we obtain Hl(GL/‘K, Cr/) = 1. On the other hand, because the sequence
inf

1— HY(G,Cp) = H' (G, Crr) =

is also exact, we see that H'(Gp/x,Cr/) = 1 implies H'(G,C) = 1.

For cyclic extensions Theorem (4.7) is just another form of the Hasse Norm
Theorem mentioned earlier:

(4.8) Corollary. If the extension L|K is cyclic, then an element x € K* is
a norm if and only if it is locally a norm everywhere.

Proof. The sequence of G-modules 1 — L* — I, — Cp — 1 yields the exact
cohomology sequence

“YG,0r) — HG,L*) — HY(G, 1) = @H (G, L

Since G is cyclic, H1(G,CL) & HY(G,CL) = 1 by Theorem (4.7), which
implies that the canonical homomorphism

KX /Ny L* — @ K} /Niy ik, L
p
is injective; this is precisely the assertion of the Hasse Norm Theorem.

(4.9) Theorem. Let L|K be a normal extension with Galois group G = G, .
Then the order of H*(G,Cy,) is a divisor of the degree [L : K].

We prove this again by induction on the order n of the group G. For n =1
the theorem is trivial, and we assume it holds for all normal extensions of
degree less than n. If the order of |G| = n is not a prime power, every p-
Sylow subgroup G, of G' has a smaller order that n, and by assumption the
order |H%(Gp,Cyp)| divides the order n, of G,, i.e., the maximal p-power
dividing n. If H2(G,CL) denotes the p-Sylow subgroup of H?*(G,CL) 13),
then the restriction map
HZ(G Cr) = H*(G,,Cy)

is injective by I, (4.16). Hence the order |H2(G,CyL)| divides the maximal

p-power n, which divides n, and since H 2(G Cp) is a direct product of its
p-Sylow groups, |H?(G, C'L)| is a divisor of n.

13) HZ% (G, CL) consists precisely of those elements of H?(G, Cr) which have p-power
order; Hﬁ(G, C') is often referred to as the p-primary component of H*(G,Cy) .
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Thus we can again assume G is a p-group. Choose a normal subgroup g C G
of index p. Because |g| = n/p < n, the order of H?(g,Cy) is a divisor of n/p,
and taking into account that H'(g,Cr) =1, I, (4.7) shows that the sequence

L — H(G/g,01) % H*(G,C1) ™ H*(9,Cy)
is exact. But G/g is the Galois group of a cyclic extension of prime de-
gree L'|K, K C L' C L, ie, G/g = Gk, C} = Cpr/, and by (4.6)

we have |H?(G/g,C%)| = p. It follows from the above exact sequence that
|H?(G,CL)|/p divides n/p, and therefore |H?(G, Cr)| divides n, as claimed.

With Theorem (4.9) we have not yet reached our goal to show that H?(G,CL)
is cyclic of the same order as [L : K]. To show this, we will associate with the
group H?(G,Cy) an invariant homomorphism, as required by Axiom II for
class formations.

§ 5. Idele Invariants

Recall that we want to show that the extensions L|K form a class formation
in the sense of II, §1 with respect to the idele class group C'r. With Theorem
(4.7) we have shown that Axiom I is satisfied. Hence it remains to show that
for every normal extension L|K there is an invariant isomorphism

H*(Grik,CL) — g Z/Z

which satisfies the compatibility properties required by Axiom II. It is, of
course, essential that we construct the invariant isomorphism in a canoni-
cal way to also obtain a canonical reciprocity law, the Artin reciprocity
law. In a certain sense we will retrieve this invariant map, and with it the
reciprocity law, from the local theory, by relating the group H?(G L1k, CL)
to the group H?(Gpk,I.) formed with the idele group I, as the un-
derlying module. For the latter group we obtain from the decomposition
H*(Gp g, 1IL) = &b, HQ(GLNKP,L%) immediately an invariant map from
local class field theory by taking the sum of the canonical invariant isomor-
phisms of the local extensions Ly| K. We will show that the invariants of the
elements in HQ(GL|K, I1) yield invariants for the elements of H? (Grik,CL).

Let L|K be a normal extension of finite algebraic number fields, and let Gz x
be its Galois group. By (3.2) we have the decomposition

HQ(GL\K7IL) = @H2<GL13|KP7L§3)7
P

where € again denotes the direct sum. For every prime p of K we have from
local class field theory the isomorphism (cf. 11, (5.5))
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il’lVLlep H2(GL‘13|KP7L‘3<3)—>W1K'F]Z/ZgﬁZ/Z (m“:’) 14)

The local invariant isomorphism invy |k, is the composition of three homo-
morphisms; however, for now it is not necessary for us to know this map
explicitly, at this point it is only important that we know that it satisfies the
compatibility conditions from Axiom IT of class formations (cf. II, (5.6)).

(5.1) Definition. If ¢, € H2(GLm‘Kp,LqX3) (B an arbitrarily chosen prime
over p) are the local components of ¢ € HQ(GL|K, I), then we set
iIlVL|KC = Z inVLm | Ky Cp S ﬁZ/Z
P

Note that here almost all ¢, = 1, so that the sum contains only finitely many
non-zero summands. In particular, we obtain an invariant homomorphism

iIlVL|K : HQ(GL‘K,IL) — ﬁZ/Z

(5.2) Proposition. If N O L O K are normal extensions of the field K, then
inVN|KC:iHVL|KC, CEHQ(GL‘K7IL) g[{Q(G]\]|}<,IN)7
invyp(respe) = [L: K] -invyge, ¢ € H*(Gnk,In),

inv | (corgc) = invy e, c€ H2(GN|L,IN).

The last two formulas require only that N|K be normal.

Here we use the convention made after (3.5) to interpret the inflation map
H*(Gpix, IL) — H*(Gn ik, IN) (NDLDOK)
as an inclusion, so that HQ(GL|K,IL) C H2(GN|K,IN).

Proof. The proposition follows from the behavior of the local invariants with
respect to the maps incl, res and cor. If ¢ € H? (Grik,IL), then by (3.3)

anN\KCZ E anNm/‘KpCp: E 1nVLq;|KpCp:1nVL|KC
p p

Here 3’ is an arbitrary prime of N over p and P is the prime of L lying under
P.Ifce H2(GN|K, Iy), and B runs through the primes of L, then

4) This invariant isomorphism is independent of the choice of | p in the follow-
ing sense: If B’ | p is another prime of L, then the canonical K,-isomorphism
Ly — Ly yields a canonical isomorphism between H? (Gry|r,, Ly) and
H? (GLm’ [Kp > Lgé,), which trivially preserves the invariant map.
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inv vz (respe) = DIV, |1y (respe)p = 3 invy,, 1y (tespycp)
B B

= %[ng D K] v K, Cp = Z%:[ng Ky IV K, Cps
PPlp

where P’ represents any prime of N over 8 and p the prime of K lying
under B. If we note that the invariants inv Noy |K, Cp are independent of the

choice of the primes ' of N lying above p (cf. the footnote '4) on p. 138), and
that by the fundamental equation of number theory (cf. §1, p. 115) we have

Z[L‘ﬁ 1Ky =[L: K],
Blp
then (P’ a fixed prime of N over p):

inv | (reszc) = Z (Z[L‘B : Kp]) 'inVNm/\Kp Cp

P PBlp
= [L . K] . ZinVNm’|KpcP
P

= [L : K] . inVN‘KC.

Finally, for ¢ € H*(G |, In) it follows from the formulas in (3.3) that

inv | (corge) = Z vy, x, (corgc)p

p
= Z Z vy, 1k, (corg, cx)

PPy

= E E VN, Ly Op = invyz(c).

pPBlp

Since H*(Gpx, 1) = 1, it follows that the extensions L|K satisfy with re-
spect to the idele group I, and the idele homomorphism invy g the con-
ditions for a class formation, except for that the homomorphism invy g :
H*(Gp ik, 1) — [L:—IK]Z/Z is not an isomorphism. To makes this an isomor-
phism, we have to pass from the idele group I, to the ideéle class group Cf,.
Before explaining this in detail, we consider abelian extensions and introduce

an invariant homomorphism invy, g, as well as the following symbol.

(5.3) Definition. Let L|K be an abelian extension. If a € Iy with local
components a, € K., then we set

(CL,L|K) = H(aPaL‘IS|KP) € GL\K .
p
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In this definition we have used the following facts: For each prime p, the symbol
(ap, Lyp|Kp) defines an element of the local abelian Galois group Gk,
which we always consider as a subgroup of G'z|x. Hence

(ap, Lyp|Kp) € Gy ik, € Grik-

Since a, is a unit for almost all primes p and since Ly|K, is unramified for
almost all p, we have (ap, Ly|K,) = 1 for almost all p by II, (4.4). Thus the
product [, (ap, Ly|Kp) € Grx is well defined, and it is also independent of
the order of the factors, since G| is abelian. The symbol (, L|K) and the
invariant mapping invy g are related as follows.

(5.4) Lemma'®. Let L|K be an abelian extension, a € Ix and (a) =
Cl'NL|KIL S HO(GL‘K,IL). IfX S X(GL|K) = Hl(GL‘K,Q/Z), then

x(a, LK) = invy g ((a) Udx) € ﬁZ/Z.

This is a consequence of the analogous formula which relates the local norm
residue symbol ( , Ly|K)) with the local invariant map invp, g, (cf. II,
(5.11)). If we denote by X, the restriction of x to G, Kk,, and by (a,) =
ap - NL‘;?leL‘E7 then

x(a, LK) = ZXp(apaL‘NKP) = ZinVLlep((ap) U dxp)-
p p
The remark after (3.2) shows that the classes

((ap) Udxy) € H*(Gry ik, Ly)

are the local components of (a) Udx € H?*(Gpk,11); we only need to note
that a, - dxp (0, 7) (resp. a-dx (o, 7)) is a 2-cocycle of the class ((ap) U dxyp)
(resp. ((a)Udx)) (cf. II, (5.11)). Thus x(a, L|K) = invy g ((a)Udx) as claimed.

When changing from the idele invariants to the ideéle class invariants, the fol-
lowing theorem is of central importance. From the exact cohomology sequence
associated with the exact sequence

1l —L* —1I;, —C, —1
we see, using H'(Gpx,Cr) = 1, that the induced homomorphism
H*(Gpig,L*) — H* Gk, I1)
is injective.
We use this injection to think of H?(G x, L) as a subgroup of H*(Gpx,IL),

i.e., we view the elements of HQ(GL|K, L*) as the idele cohomology classes
that are represented by cocycles with values in the principal idele group L*.

5.5) Theorem. If ¢ € H?(Gpx,L>), then invy gc = 0.
\ |

18) Cf. also 11, (1.10).
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We will see that apart from purely technical considerations the proof of this
theorem is based on the following two facts: the explicit description of the
local norm residue symbol and the product formula for algebraic numbers.

Proof. We start with the simple observation that it suffices to consider the
case when K = Q and L is a cyclic cyclotomic extension of Q. In fact, if
ce H? (Grig,L*), and N is a normal extension of Q containing L, then

c € H*(Gpig,L*) € H*(Gnix,N*) C H*(Gnii, IN),
corge € HQ(GN|Q,NX), and invy gc = invy|gc = invy|g(corge) by (5.2).
Hence to show invy gc = 0 it suffices to consider the case K = Q. Since by

(3.6) there exists a cyclic cyclotomic extension Lo|Q with ¢ € H? (Groja L )s
we can even assume that L|Q itself is a cyclic cyclotomic extension.

Let x be a generator of the cyclic character group x(Grq) = H' (G g, Q/Z).
Then &y is a generator of H? (Gr|q,Z), and Tate’s Theorem I, (7.3) implies

SxU : H'(Gpq, L") — H*(Gpiq,L*) 9
is bijective. Thus each element ¢ € H?(Gq, L*) has the form ¢ = (a) U dx
with (a) = a- NpjgL* € HY(Gpq, L), a € Q. From (5.4) we obtain

invpgc = invyq((a) Udx) = x(a, L|Q),
and we need to show that (a, L|Q) = [[,(a, Ly|Q,) = 1. Now L is a cyclo-
tomic extension, i.e., L C Q(¢) for some root of unity ¢. The automorphism
(a, L|Q) is precisely the restriction of (a,Q(¢)|Q) to L; this follows easily
from the behavior of the local norm residue symbol (a, Q,(¢)|Q,) when pass-
ing to the extension Les|Q,, (cf. IL, (5.10a)). It therefore suffices to show that
(a,Q(Q)|Q) =1 for a € Q. Now Q(() is generated by roots of unity of prime
power order and it suffices to show the vanishing of (a, Q(¢)|Q) for these gen-
erators, hence we may assume that ¢ is a primitive {"-th root of unity (I a
prime number). With this reduction we come to the actual core of the proof.

Let ¢ be a primitive ["-th root of unity; if | = 2, we assume n > 2. If p
ranges over the prime numbers and the infinite prime over p = ps of @, then
the Q,(¢)|Q, are the local extensions associated with Q(¢)|@. The extension
Q,(¢)|Q, is unramified for p # [ and totally ramified for p = [ (cf. [21], §5,
3.); if p = Poo, then Q,(¢)|Q, means the extension C|[IR. We have to show:

For each a € Q*, (a,Q(¢)|Q) = H(G7Qp(o|Qp) =1

P

Here it obviously suffices to assume that a is integral. We consider the effect
of the local norm residue symbol (a, Q,(¢)|Q,) on the I"-th roots of unity (.

1. For p # 1, p # poo, we have by I, (4.8)
(a, Q,(Q)1Qy)¢ = (¢,

16) This can also be shown in an elementary way.
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where v, is the valuation on Q,, and ¢ is the Frobenius automorphism on
Q,(¢)|Q,- Since the residue field of Q, has p elements, clearly p¢ = (7, thus

(a,Q,(9)|Q,)¢ = ¢”

Up(@)

2. For p = [, we obtain from II, (7.16), writing a = u-p™ = u-p*»(? u a unit:
(a’7 Qp(C)‘Qp)C = Crv

where r is a natural number which is determined mod p™ by the congruence

r=u"t=a""1-p”@ mod p"

3. For p = po, the automorphism (a, C|IR) is either the identity or complex
conjugation, depending on whether a > 0 or a < 0 (cf. II, §5, p. 95). Thus

(@, Q,(0)|Q,)¢ = ¢

Combining all of the above, we obtain

(a,Q()Q)C = HaQ OIQ,)¢ = & Tl

p(@)

But by the product formula we have for the power appearing on the right side

1
sgna - Hp”f’(a) “r=sgna- 1_[p’“’(“)l”’f(a)a_1 = =1mod (",
Pl vy I, lely

therefore (a, Q(¢)|Q)¢ = ¢, i.e., we have in fact (a, Q(¢)|Q) = 1.

Theorem (5.5) shows that the group HQ(GL|K, L*) lies in the kernel of the
homomorphism invyx : H? (Grig,Ir) — T K] Z/Z. We have to ask further
whether or not it is precisely the kernel, and in addition whether or not invy, g
is a surjective homomorphism. For the cyclic case we have:

(5.6) Proposition. If L|K is a cyclic extension, then the sequence

invp| g

1 — H*(Gpg, L*) — H*(Grx, 1) —— [LlK

is exact.

Proof. a) To show invyx is surjective, we assume first [L : K] is a prime
power p”. Because ﬁ +Z generates ﬁz /Z, it suffices to find an element

c¢E HZ(GL|K, I) with invy ge = ﬁ + Z. We use the decomposition

H*(Grix, I) & @H (Gryx, Ly)

and determine c by its local components cp € H*(GLy |k, Lg). Since L|K is
cyclic of prime power degree, it follows from (4.3) that K contains a prime pg
which is inert in L. Since pg is inert, we have [Ly, : Kp,] = [L : K], (Bolpo),
and local class field theory yields an element c,, € H*(G Loy | Kpg > L;%) with
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invL%‘KFOcpo = m +Z = [L—lK] + Z. Now if ¢ is the element in
H?*(Gp k., 1) that is determined by the local components

L1, 11,
then

. _ . _ _ 1
invy ge= E IV Ly, Cp = IV Ly Ky Cpo = [ER] T Z.

p
That invy g is also surjective in the general case [L : K] = n = pi*---pl°
follows easily from this. For every ¢ = 1,...,s there obviously exists a cyclic
intermediate field L; of degree [L; : K] = p;*. Consider the decomposition

1 n n
f:TllJr"'Jr T‘Z
n 141 Ds

into partial fraction. By the previous case there is a ¢; € H? (Gr,x,IL;) with

. . i
lIlVLi|KC¢ = anL‘Kci = Tll + Z.
p;
Thus if we set 9
c=c1---¢cs € H*(Grk, Ip),
then s s

i 1
iDVL|KC: ZinVL\KCi = Z;'Lm +Z = ﬁ +Z,

i=1 =17

which shows that invy g is surjective for any cyclic extension.

b) By (5.5) H*(G |k, L) is contained in the kernel of invy, ;. To show that
the group H2(GL|K,LX) in fact equals the kernel of invy g we use a sim-
ple argument involving the orders of these groups. Since the map invy g is
surjective, we only need to show that the order of the factor group

H2(GL|K7IL>/H2(GL|K,LX)

is at most the order of ﬁl/l, i.e., the degree of [L : K]. Using the sequence

1—L* —I, —C, —1
we obtain, using that H'(G L1k, Cr) = 1, the exact cohomology sequence
1— HQ(GL\KvLX) — H2(GL|KaIL) — HQ(GL\chL)~

Therefore the order of H*(Gpx,1)/H?(Grk,L*) divides the order of
H*(Gpk,CL)- By (4.9) H*(G i, Cy) divides [L : K], and we are done.

For the following it would be very convenient if we could show that invyx is
a surjective homomorphism in general. Unfortunately this is false. In order for
every element of ﬁz /Z to be in the image of the invariant map, it is neces-
sary to enlarge the field L by forming the compositum with a cyclic extension.
For technical reasons it is best to let L range over all normal extensions of K
and to consider the union

H*(Ggk,10) = UH2(GL|Ka Ir)
L
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(cf. remark after (3.5)). If N D L D K are two normal extensions of K, then
H*(Grix,In) € H* (G, In),

and since by (5.2) the invariant map can be extended from H?(Gyp k., IL) to
Hz(GN‘K, Iy), we obtain a homomorphism

invg : H2(GQ|K,IQ) —Q/Z,

whose restriction to H? (Grix,1L) C H? (Gok,1e) coincides with the initial
invariant map invy k. If we take into account that for each positive integer
m there is a cyclic extension L|K with m | [L : K] (for example, by (3.7)), we
see that Q/Z is already covered by the groups ﬁz /Z coming from cyclic

extension L|K. Now the map invyx is surjective in the cyclic case, thus we
obtain for the invariant map invy defined above the following

(5.7) Theorem. The homomorphism
invg : H*(Gox,1o) — Q/Z

is surjective.

The results obtained so far can be summarized to give a theorem about the
Brauer group of an algebraic number field K and its completion K. Recall
that we defined the Brauer group Br(K) of a field K in II, §2 as the union
(more precisely the direct limit)

Br(K) = JH*(Grik. L"),
L

where L runs through all finite Galois extensions of K. If K is an algebraic
number field, then we choose over each prime p of K a fixed valuation of the
algebraic closure §2; each such valuation in turn determines in every finite
extension L|K a prime 3 above p. Then we have

Br(Ky) = UHQ(GLm|K,,7Lr;X3) .
L
From the homomorphisms

H*(Gpk, L*) — H*(Gpig, 1) = @H2(GL33\KP7L<§3) T, [LlK
P

we obtain by passing to the direct limit (i.e., in this case, the union) the
canonical homomorphism

Br(K) — H*(Gox, Io) = @Br K,) 25, Q/Z,

where invg is the sum of the local invariant maps invg, : Br(K,) — Q/Z
(cf. II, §1, p. 68 and 11, (5.4)).

We now have Hasse’s Main Theorem on the Theory of Algebras:
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(5.8) Theorem. For every finite algebraic number field K one has the canon-
ical exact sequence

1 — Br(K) — @ Br(k,) ™5 Q/Z — 0.
p

Proof. The groups Br(K), @, Br(K,) (& H*(Gqk,Ia)), and Q/Z are,
by (3.6) and the remark after (5.7), the union of the groups H*(Gpx, L),
@p H2(GL33|KP,L§3) (= H2(GL‘K, Ir), and ﬁl/l, respectively, provided
L|K runs through all the cyclic extensions. But for such a cyclic extension
L|K we have by (5.6) the exact sequence

invL‘K 1

1 — H*(Gpx, L) — HYGrix, IL) — migZ/Z — 0,

from which the theorem follows immediately.

§ 6. The Reciprocity Law

Having studied the idele invariants in the previous section, we now want to
construct invariants for the elements of the groups H? (Grik,CL). We start
with the following observations:
If L|K is a normal extension, then we obtain from the exact sequence

1— L — I, —Cp — 1,

using H* (G x,CL) =1 = H3(Gpk, ) = 1, the exact cohomology sequence
1 — H*(Gpk, L") — H*(Gpk,IL) AN H*(Gpk.CL)

i> HB(GL|K,LX) — 1.
If ¢ € H*(Gpk,CL) and ¢ € H*(Gpk, I1) is such that € = jc, then we set
iDVL|KE:iDVL‘KC€ ﬁZ/Z

This definition is independent of the choice of the preimage ¢ € H? (Grix,1Ir),
because two such preimages differ only by an element in HQ(GL‘ K, L™),
which by (5.5) has invariant 0. Of course, this only works if the element
(s HQ(GL|K, C1) lies in the image of the homomorphism j. But the map j
is in general not surjective; in fact, j being surjective would be equivalent to
the group HS(GL|K, L*) being trivial, however, this group is not equal to 1
in general (cf. [2], Ch. 7, Th. 12). Nevertheless, we can show that at least in
the cyclic case the map j is surjective.
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(6.1) Proposition. If L|K is a cyclic extension, then the homomorphism

H*(Gprix,IL) E H*(Gpik.CL)

is surjective.

Proof. In L|K is cyclic, then H3(GL‘K7LX) = Hl(GL‘K,LX) =1 (cf. 1I,
(2.2)).

In order to define an invariant map for arbitrary normal extensions L|K, we
proceed in a similar way as for the groups HZ(GL|K, I1) with respect to the
invariant map for ideles at the end of the previous section.

First we note that the homomorphism

H* (G, It) - H*(Grix,CL)
commutes with the maps inf and res; i.e., if N O L O K are two normal
extensions of K, then we have
joinfy =infyoj and jores;, =respoj,
where in the last formula we only need to assume that N|K is normal. For
simplicity we set

(6.2) Definition. HY(L|K) = HY (G k,CL).

Because H'(L|K) = 1 (cf. (4.7)), the extensions L|K form a field formation
in the sense of II, §1 with respect to the idele group C}, as the module. To
simplify things we will, as for the idele cohomology groups in §5 and generally
for every field formation, interpret the injective inflation maps

HX(L|K) 2% H2(N|K) (N2 LDK)
as inclusions. More precisely, this means that we form the direct limit
H*(2|K) =lim H*(L|K) 7
L
where L ranges over all finite normal extensions of K. We view the groups
H?(L|K) as being embedded in H2(£2|K) via the inflation maps. Thinking of
the H%(L|K) as subgroups of H?(£2|K), we have
H*(Q|K) = | JH*(LIK).
L
Hence if N D L O K are two normal extensions, then we have inclusions

H*(LIK) C H*(N|K) C H*(2|K),

17) Here {2 denotes again the field of all algebraic numbers, and the same convention
as in footnote ¥ for the group H*(Go|k,1o) applies to the group H?(2|K).
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where, according to this interpretation, an element ¢ € H?(N|K) comes from
an element of H?(L|K) if and only if it is the inflation of an element of
H?(L|K).

Now the crucial input is the following theorem which plays a role similar to
one of Theorem (II, 5.2) in the local theory.

(6.3) Theorem. If L|K is a normal extension and L'|K a cyclic extension
of equal degree [/ : K| = [L : K|, then

H*(L'|K) = H*(L|K) C H*(2|K).

Since for every positive integer m there is a cyclic extension L|K of degree m
(see (3.7), for instance), this theorem has the following

(6.4) Corollary. H*(2|K)= | ) H*(LIK).
L|K cyclic

Proof of (6.3). We first show that H*(L'|K) C H*(L|K). If N = L-L' is the
compositum of L and L', then a simple group theoretic argument shows that
if the extension L'|K is cyclic, then the extension N|L is also cyclic. Now let
¢e€ H*(L'|K) C H*(N|K). Because of the exact sequence
1 — H*(L|K) — H?*(N|K) =% H*(N|L),
an element ¢ € H?(N|K) is an element of H?(L|K) if and only if res;¢ = 1.
To show this, we use the idele invariants. By (6.1) the homomorphism
H (G, Iv) = H? (LK)
is surjective, so that ¢ = je¢, ¢ € H*(Gpk,I) € H*(Gnk,In). From
the remarks made above, we know that the map j commutes with inflation
(interpreted here as inclusion) and with restriction, hence we have the formulas
resy ¢ = resr,(jc) = jresge.
Thus resp¢ = 1 if and only if resyc lies in the kernel of j, and therefore
in H*(G |, N*). Since N|L is cyclic, this holds by (5.6) if and only if
inv |z (reszc) = 0, and this last statement now follows from
invy|g(respe) = [L: K] -invy e = [L': K] -invp ge = 0.
Therefore H?(L'|K) C H*(L|K).
To show that the above inequality is in fact an equality we consider orders.
Because H'(L'|K) = 1 and H*(Gp/ g, L'*) = H'(Gp/ g, L'*) = 1, we obtain
the exact cohomology sequence

1 — H*(Gpi, L'™) — H*(Gp ik, Ip) — H*(L'|K) — 1,
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where |[H?(L'|K)| = [L' : K] = [L : K] by (5.6). On the other hand, |H?(L|K)|
divides the degree [L : K] by (4.9), hence H?(L'|K) = H*(L|K).

Let N O L O K be two normal extensions. Because the map
H? (G 1) = H(LIK)
is compatible with inflation, it can be extended to a canonical homomorphism
H?(Gy k., In) = HX(N|K).
Thus we obtain a homomorphism
H*(Gox, Io) 2 HA(Q|K)

whose restriction to the groups H?(Gp k,I1) are the initial homomorphisms
H*(Gpk,IL) — H?*(L|K). If these are not surjective, then we still have the

(6.5) Theorem. The homomorphism
H oy I) — H*(2|K)

is surjective.

Proof. If ¢ € H?*(2|K), then it follows from (6.4) that there is a cyclic
extension L|K such that ¢ € H?(L|K). Since for a cyclic extension the map

H(Grjxe, In) = H(LIK)
is surjective by (6.1), € = jic for some ¢ € H*(G i, 1) € H*(Ggk, Io).

Given this theorem, it is easy to obtain class invariants for the elements of
H?*(2|K) = U, H*(L|K) from the invariant map of the idele cohomology
classes. From the homomorphism

invg : HZ(GQ‘K,IQ) — Q/Z,

which is surjective by (5.7), we in fact come to the following

(6.6) Definition. Ifc € H*(2|K) and ¢ = jc, c € H*(Gg i, 1), then define

invge =invge € Q/Z.

Of course we have to convince ourselves that this definition is independent of
the choice of the preimage ¢ € Hz(GQ‘K, Ip) of €. But if ¢’ is another element
in H*(Ggk,1o) with ¢ = jc, then ¢,¢ € H*(Gpk, 1) € H*(Gok,1a)
for a sufficiently large normal extension L|K, where we may assume that this
extension is so large that ¢ € H?(L|K). Because ¢ = jc = jc/, ¢ and ¢ differ
only by an element in the kernel of the mapping j : HQ(GL|K, I1)—H?*(L|K),
and thus by an element of H?(Gpx, L*), which has invariant 0 by (5.5).
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We remark that in the above definition Theorem (5.5) plays an essential role,
in fact one may consider this result an important step in the direction of the
reciprocity law. From (6.6) we obtain a homomorphism
invg : H*(2|K) — Q/Z.

The restriction of invg to the group H?(L|K) coming from a finite normal
extension L|K yields a homomorphism

vy H(L|IK) — migZ/Z,
because the orders of the elements in H?(L|K) divide the degree [L : K] (cf.
I, (3.16)), and consequently are mapped to the only subgroup [L:—lK]Z/Z of
Q/Z of order [L : K].

We briefly recall the construction of the map invyx : H?(L|K) — K K Z/Z.:

If ¢ € H*(L|K), then we obtain the invariant inv |k by choosing a cyclic
extension L'| K of equal degree [L' : K] = [L : K], so that by (6.3) H?(L'|K) =
H?(L|K) ((6.3)); in particular, ¢ € H*(L'|K). In this cyclic case we have by
(6.1) an idele cohomology class ¢ € H*(Gp/ |k, I1/) with € = je, and obtain so

invL‘KézinvL/‘KE:invL/‘Kc:ZinvaKpcp € Z/Z

1
. [L: K]

The detour using cyclic extensions, which we have described by introducing
the groups H?(G gk, 1) and H?(2|K) (and interpreting inflation as inclu-
sion) is necessary, because in general the map

H*(Gpx, 1) - H*(L|K)

is not surjective. However, for the elements in the image of j we immediately
obtain from Definition (6.6) the simple

(6.7) Proposition. If ¢ = jc,c € H*(L|K), c € H*(Gpk,11), then

iIlVLlKE = iIlVLlKC.

(6.8) Theorem. The invariant maps
invg : H(2|K) — Q/Z

and

invpx : H*(L|K) — z/z

K] K
are isomorphisms.

Proof. It suffices to verify that invy g is bijective. Let L'|K be a cyclic
extension of degree [L' : K] = [L : K], so that H?(L'|K) = H*(L|K). If a €

iz K]Z/Z then by (5.6) there is a ¢ € H*(G |k, I1/) with invp/ ge = a. Set



§6. The Reciprocity Law 151

¢ = jec € H*(I'|K) = H?(L|K). Then invy g€ = invp g€ = invy gc = a,
Le., invy g is surjective.

That invy |k is bijective follows now easily from the fact that the order of
H?(L|K) is a divisor of the degree [L : K] (cf. (4.9)), and therefore a divisor

of the order of [L:—IK]Z/Z.

We now come to the main theorem of class field theory. Let Ky be a fixed
algebraic number field, §2 the field of all algebraic numbers, and G = G gk,
the Galois group of £2|Ky. We form the union Cp = |J, Ck, where K runs
through all finite extensions of Ky '®). Then Cy, is canonically a G-module: If
¢ e Cq, say ¢ € Cp, for an appropriate finite normal extension L| Ky, we set

UE:0|LE€C’L§CQ (0 € G).

The pair (G,Cy,) is obviously a formation in the sense of II, §1, and the
fundamental result of all our constructions is the following

(6.9) Theorem. The formation (G,Cyp,) is a class formation with respect to
the invariant map introduced in (6.6).

For the proof we have to verify the axioms in II, §1, (1.3).

Aziom I: H'(L|K) = 1 for every normal extension L|K of each finite extension
field of Ky (cf. (4.7)).

Aziom II: For every normal extension L|K of each finite extension field of Ky
we have by (6.8) the isomorphism

invy g« H*(L|IK) — mrZ/Z
a) If N D L O K are two normal extensions and ¢ € H?(L|K), then ¢ €
H?(N|K), and . :
V| g€ = 1NV kG,
since invy|x, and invy g are defined as the restrictions of invg to H?(N|K)
and H?(L|K) C H?(N|K) respectively (cf. p.150).

b) Let N O L O K be two extensions fields of K with N|K normal. If
¢ € H?(N|K), then res ¢ € H?(N|L). For the proof of the formula
inv |z (respc) = [L : K] - invy g€

we use the analogous formula for the idele invariants (cf. (5.2)). By (6.5)
there is a ¢ € Hz(GglK,IQ) with jc = ¢, where we can assume that there
is a normal extension M|K containing N, M 2 N 2 L 2O K, such that

18) More precisely, we should write Cp = lim C. Nevertheless, we think of Ck as
embedded in this direct limit and interpret C'; as the union of the Ck.
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¢ € H*(Guk,In). From the formulas in (5.2), and using the convention
that the inflation maps are to be interpreted as inclusions, we have by (6.7)

inv | (res €) = invyy g (respjc) = invyy g (jrespe) = invyy g (respe)
=[L: K]-invyge=[L: K]-invygjc = [L: K] -invy|gC.

Because of this theorem we can now apply the entire abstract theory of class
formations to the case of algebraic number fields. If we again denote by

ur i € H*(L|K)

the fundamental class of the normal extension L|K, which is uniquely de-
termined by the formula invy gur | x = ﬁ + Z, then we have the general

(6.10) Theorem. The homomorphism cup product with the fundamental

class 9
’LLL‘KU : Hq(GL‘K,Z) — HIt (L‘K)

is bijective.

From this, together with II, (1.8) we immediately obtain the

(6.11) Corollary. H*(L|K) =1 and H*(L|K) = x(Gp k).

For the case ¢ = —2 Theorem (6.10) yields Artin’s Reciprocity Law:

(6.12) Theorem. The map cup product with the fundamental class
u @]
GL|K = H (G, Z) s HO(LIK) = Cr/NpixCL

yields a canonical isomorphism, i.e., the reciprocity map between the
abelianization GalK of the Galois group G|k and the norm residue group

Ck /N kCL of the idéle group Ck
HL\K : G%}\)K — OK/NL\KOL

The inverse of the reciprocity map 6,k is induced from the homomorphism
( ,LIK):Cg — Gd‘K with kernel Ny Cr, the norm residue symbol.

(6.13) Theorem. The following sequence is exact

1— N xCr — Ck ﬂ)GuK — 1.

Because the invariant map is compatible with inflation (inclusion) and restric-
tion, we see that the norm residue symbol behaves with respect to varying
field extensions as follows (cf. IT, (1.11)):
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Let N O L O K be two extensions with N|K is normal. Then the following
diagrams are commutative:

a)
N|K o
id ™
JLIK o

Hence (a, L|K) = n(a, N|K) € L|K, for @ € Ck, if L|K is also normal (in
addition to N|K). Here 7 is the canonical projection of G&> Nk onto GLlK

b) NIK)

Ck ( Gé]l\lf)|K
incl Ver
,N|L a

Hence (a,N|L) = Ver(a,N|K) € GN|L for @ € Ck. Recall that the Ver-
lagerung (transfer) Ver is induced by restriction

G¥ix = H (G, Z) ~ H (G Z) = G-
c)
( 1N‘L) a
Cr GA?|L
Npix K
( NIK)

Ok —— GN\K

Hence (Np g, N|K) = ( N|L) € GN|K for @ € Cp,, where & is the canoni-
cal homomorphism from G2b VL into G2> Nk

d)

N|K)
—)
Ck N\K
o la*
( ,oN|oK)
-
Cox GUN\UK

Hence (o0a,0N|oK) = O’( ,N|K)o~! for a € Ck, where for o € G the maps

Cx 25 Cyx and GN|K —> GO—N\(;K are induced by @ — od and 7 +— o170 L.

In case N|K is abelian, the homomorphisms between the Galois groups in
these diagrams are, with the exception of the Verlagerung, the obvious ones.
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If N|K is abelian, i.e., if the Galois groups coincide with their abelianiza-
tions, then we have in a) the quotient map, in ¢) the inclusion, and in d) the
isomorphism induced by conjugation.

A subgroup [ of the idele class group C'i of a number field K is called a norm
group if there is a normal extension L|K with I = N Cr. By II, (1.14) we
have

(6.14) Theorem. The map
L+— IL = NL|KCL - CK

yields an inclusion reversing isomorphism between the abelian extensions L| K
and the lattice of norm groups I, of C'xc. Therefore

ILl'LQZIleILQ and ]L10L2:IL1'IL2'

Every subgroup which contains a norm group is again a norm group. If L and
I correspond to each other, then L is called the class field associated with I.

This theorem says that the structure of the abelian extensions of K can al-
ready be read off of the idele class group of the base field K. Of course we have
to ask if the norm groups can be characterized only by intrinsic information
given by the group Cx and independent of the field extensions, similarly to
the norm groups in local class field theory which are determined as the closed
subgroups of finite index in the multiplicative group of the base field. Such a
characterization is presented in the next section.

The reciprocity map 0 from (6.12) and its inverse, the norm residue symbol
( ,L|K), are defined canonically; however, their explicit description is still
too complicated and abstract. We are therefore interested in finding ways to
explicitly compute the norm residue symbol.

This is accomplished by the following beautiful theorem which is essentially
due to H. HASSE. It connects in a simple way global and local class field
theory.

(6.15) Theorem. Let L|K be an abelian extension anda € Cx,a=a- K*,
a € Ix. Then we have

(a,L|IK) = H(ava‘MKp) €Grk-
p

Note here that (ap, Ly|Ky) € Gry x, € Grjk, and that the components ay,
of the idele a representing @ are units for almost all p; in particular, since the
extensions Ly |K, are almost all unramified, the local norm residue symbols
are almost all equal to 1.
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Since ( , L|K) is the norm residue symbol of a class formation, we can use
Lemma II, (1.10) to prove the theorem: If we denote by (a) = a- Ny jxCr, €
H(L|K), then for every character x € x(Gpx) = H (G x,Q/Z) we have

X(@, LK) = invp g ((@) U ox).

On the other hand, we have already introduced in (5.3) the notation (a, L|K) =
[1,(ap, Ly |Ky) for the product [],(ay, Lys|Ky), and have shown in (5.4) that

x(a, L|K) = invy k((a) U dx),
where (a) = a- NpjgIp € HY(Gpk,Ir). The homomorphism

HYGrk,IL) R HYGpk,CL)

maps (a) € H(Gpk,11) to (@) € H*(Gpk,CL), and therefore maps (a) U
ox € H*(Grk,Ip) to (@) Udx € H*(Gpk,CL) = H*(L|K), hence

j((a)Udx) = (@) Udx .
With (6.7) we obtain
Xx(@, L|K) = invy g ((@) Udx) = invy g ((a) Udx) = x(a, LI K),
and since this holds for all characters x € x(G k), it follows that

(@ LIK) = (a, LI K) = [ [ (ap, L | Kp)-
P

Hence the global norm residue symbol ( , L|K) is determined by the local
norm residue symbols ( , Ly|K,). We will use this observation later when
we analyze the reciprocity law for the prime ideal decomposition in abelian
extensions.

We close this section with a remark about the universal norm residue
symbol ( ,K) (cf. II, §1, p.76). For every abelian extension we have the
homomorphism

JL|K
Cre M0 6k

The projective limit ab e
Gy =lim Gk

of the Galois groups Gz, of all (finite) abelian extensions L of K is the Galois
group of the maximal abelian extension field Ax of K. For every a € Ck we
obtain the element . o b

(@ K) = l&n(a,L|K) € G¥%
as the compatible system formed by the elements (a, L|K) € G?TK. This yields
a homomorphism (oK)
Cx —— G¥

whose kernel is the intersection of all norm groups (cf. II, (1.15))
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Dg = ﬂ NpxCr,
L
and whose image is a dense subgroup of G&2.
Finally, we remark without giving details, that the product formula (6.15)
yields an analogous product formula for the universal norm residue symbol

(@, K) = H(apv KP)’
p
where ( , K,) denotes the universal norm residue symbol of local class field
theory, which can be embedded into the group G%? (cf. [2], Ch. 7, Cor. 2).

§ 7. The Existence Theorem

By Theorem (6.14) the abelian extensions of a number field K correspond
bijectively to the norm groups of C'k. In this section we will characterize these
norm groups, similarly to those in local class field theory, as the subgroups of
finite index in C'k that are closed with respect to a canonical topology.

The ideéle group Ik of an algebraic number field K is the union of the groups
Iy = [lpes Kp % [1,¢s Up, where S ranges over all finite sets of primes
of K. The factors K, ; and U, are equipped with their respective valuation
topologies. These induce the Tychonoff topology on the direct product

=] &5 < [ Vs

pes peES

so that I3 becomes a topological group'?. If § C S, then Iy C I§'7 and the
Tychonoff topology on I IS</ induces the Tychonoff topology on I IS( Thus we
have a canonical topology on the idele group Ix = Jg %, the so-called idele
topology. If we want to define the idele topology directly, we only need to
specify a fundamental system of neighborhoods of the identity of Ik, and it is
completely obvious that such a fundamental system of neighborhoods is given

by the subsets
I we x [ Us € I,
peS PES

where the W, C K range over a fundamental system of neighborhoods of
the identity of K, and S over all finite sets of primes of K.

In the following we always consider I equipped with this canonical topology.
Roughly speaking, two ideles are close to each other when they are close

19 For the theory of topological groups we refer to [9], Ch. IIL.
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componentwise for many primes. The idele topology is Hausdorff, since the
valuation topologies on pr, and therefore the Tychonoff topology on I IS( are
Hausdorff.

(7.1) Proposition. The idéle group Ik is locally compact.

Proof. If W, is a compact neighborhood of the identity of K, for the finite
primes p, say W, = U,,, then the direct Tychonoff product Hp W, is a compact
neighborhood of the identity of I . This shows that I is locally compact.

(7.2) Proposition. K* is a discrete and therefore closed subgroup of I'k.

Proof. It obviously suffices to show that the identity 1 € Ix has an open
neighborhood which aside from 1 contains no other principal idele. Such a
neighborhood is given by the set

M:{C1EIK||a,,—1|,g<1forp€S,|ap\p:1f01rp¢S}7

where S denotes a finite set of primes containing all the infinite primes. If
there were a principal idele z € U, x # 1, then we would have

H|x—1|p—H|$—1|p H\l’—1|p< H|$—1|p<HmaX{|~’C‘pa1}—1

pes pgSs pgSs pgS
whlch is a contradiction to the product formula.

Since K* is closed in I, the quotient Cx = I /K™ is also a Hausdorff topo-
logical group; of course, since I is locally compact, so is Cx. The canonical
homomorphism I'x — Ck is continuous and takes open sets to open sets.

For each prime p, we consider the homomorphism

p - K? — Ix
that maps = € K, to the idele ny(x) € Ix which at the prime p has the
component z € KX, and at all other primes has component 1. If we further
map z € K, to the idele class [, (z) = ny(x)- K* € Ck represented by n,(z),
then we obtain a homomorphism

ﬁp:K;(—>CK,

for which we have the following result:

(7.3) Proposition. The homomorphism
ny: pr — Ck
is a topological embedding of K, into Cf.
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In fact, from n,(z) = 1, i.e., from n,(x) € K*, it follows immediately that
x =1, so that we are dealing with an injection which is trivially topological.

We associate with each idele a € Ik its absolute value

|af = H lag |y € RY,
p
and obtain a (clearly continuous) homomorphism of Ik to the group IRi of
positive real numbers. Of course this homomorphism is surjective; indeed, the
group IR} is already exhausted by the absolute value of the ideles of the form
n(ap) =(...,1,1,1,0a,,1,1,1,...), ay € K5, where p is an infinite prime.

We denote by 1% the (closed) kernel of this homomorphism, i.e., the group of
ideles of absolute value 1. By the product formula (cf. §1, p. 113) it contains
the principal ideéle group K*. Thus the absolute value yields a (continuous)
homomorphism from the idele class group Cx onto IR} with (closed) kernel
C% = I%/K*. The group C% plays a very similar role in Cx as the unit
group Uy, = {z € K| |z, =1} in the multiplicative group of a local field
K,. The decomposition K, = U, x Z corresponds to the following

(7.4) Proposition. Cx = C% x I'x with I'ye R.

Proof. We have to find a splitting for the group extension

1—>C§<—>CK1>]Ri—>1,

i.e., we have to find an injection IR} — Cx which when composed with the
absolute value map | | : Cx — IR yields the identity on IRY. To do this, we
choose an infinite prime p and consider the embedding

ﬁp : K? — CK.
Now K, contains IR} as a subgroup. If p is real, then 7, : ]RJXr — Ck is an
injection of the desired form, since |ny(z)| = |z|, = 2 € R} . If p is complex,
then |ny(z)| = |z|, = 22, and one has to choose the map z — 7, (¥).

Let us mention that there is no distinguished subgroup of representatives in
Ck for the factor group Cr /CY = RY.

We will now show that, similar to the the unit group in the local case, the
group CY is compact. For this we need the following lemma.



§7. The Existence Theorem 159

(7.5) Lemma. For every prime p of the field K let an o, € | K|, (the value
group of | |,) be given such that

1) ap =1 for almost all p,
2) II, ap = /|A[, where A is the discriminant of K.

Then there exists an x € K* with |z|, < a, for all p.

Proof. We set o, = |m,"|, for p { oo, where m, € K, is a prime element
for p. Because of 1) e, = 0 for almost all p, and we can consider the ideal
A= proo p®, which, because oy, = 9(p®*)~!, has absolute norm

-1
N(A) = ( I1 ap) .
ptoo
Let aq,...,a, be an integral basis of 2, v1,...,7, the embeddings of K into
the field C of complex numbers, and p; the infinite prime of K attached to ~;.
We consider the linear forms

Li(z1,...,25) :Zxk-%-(ak), i=1,...,n.
k=1

If ~; is real, we set L} = L;, 5; = «,; in the other case when ~; and ;,
i < j, are complex conjugates, we set L; = Lj +/—1- L}, thus L; = L; =

L —+/=1-L}, and B; = B; = \/ay, /2. If 7 is the number of complex primes,

it follows that
1 1
/ li _ - - — .
|det(L17...,Ln)|—‘(_2\/j1) 5 ) V4]

1 -1 1 s
S CORRVERES | O
pfoo ploo =1

The well-known Minkowski Theorem about Linear Forms (cf. e.g. [22], §17)
now yields an integral vector 3 = (m1,...,m,) € Z", such that |L}(3)| < 8;,
i=1,...,n, hence |L;(3)| < ap, (resp. < /ay,) if p; is real (resp. complex).
Set x = mya; + --- + mpa, € 2A. Then |z|, < «, for the finite primes by
construction of 2, and for the infinite primes because |v;(z)| = |L;(3)|-

"det(La,. .. L)

(7.6) Theorem. The group CY. is compact.

Proof. To simplify notation we set I = I, I° = 1%, C = Ck, and C° = CY..
We consider the set
K=][Ke withKp:={aeK)[1/VIA]<lal, < V]A[},
all p
which is compact as the direct Tychonoff product of compact spaces. We have

K, = U, for all non-archimedian p with N(p) > /|A|, and since these are
all but finitely many, K is a subset of I. Since I is closed in I, K° := KN I°



160 Part ITI. Global Class Field Theory

is thus a compact subset of I°. To prove C° is compact it now suffices to
show that K° is mapped by the (continuous) transformation I° — C° onto
the entire group C° = I°/K*, i.e., that for each idele a € I there exists an
x € K* with za=! € K°. For this we choose a fixed infinite prime q and set

ag = V/I[A[|aglg and oy =|apl, forall p #g.
Because a € 1Y, [I, % = VIAl, and by (7.5) there is an x € K> with

|z|p < ap, so that [z a, |, <1 (< V/]A]), p # q, resp. lz-a; g < V/]AL By
the product formula we obtain further

L=]Tle-a; s =2 agtle [T e~ a5,
P p#q
therefore |z - a;'lq = (ITpzq - a, o)~ > 1> 1/\/]A]; for p # q it follows
that |z - a;:lha 2 Hp’;éq EX ap_’1|P/ =1/|z- a;1|q 2 1/\/@
Altogether we therefore have

1/V0Al < |z - a;1|p < +/|A| for all p,

ie., z-a"! e K’ Thus all is proved.*

If S is a finite set of primes of K, then we let U be the idele group
Ug ={a€Ikla,=1forpec S;a, €U, forp¢ S} C I
and —g S
US =US - K*/K* C Ck.

In each neighborhood of the identity of C there is a group U3 20): this can
be seen from the following observations:

T we =[] Us € Ix

peES pgS

e The groups

form a fundamental system of neighborhoods of the identity of I, where
Wy is a fundamental system of neighborhoods of the identity of K,* and
S runs through all the finite primes (cf. p. 156),

e they always contain one of the groups U ;? ,

e passing from Ik to Ck, a fundamental system of neighborhoods is trans-
formed into a fundamental system of neighborhoods, and Uy into U%..

*) Remark of the editor: The proof does not use the finiteness of the ideal class group.
But this finiteness follows from (7.6): The composition of the homomorphisms
C’?( — Ck — Jix/Pk is surjective and continuous with respect to the discrete
topology on Jk/Pk. Consequently Jx /Pk is discrete as well as compact, and
thus finite.

20) Note that the U% themselves are not open. But since the groups U, are closed
in K,°, the Uj are closed.



§7. The Existence Theorem 161

The following theorem on Kummer extensions is the key ingredient for the
proof of the fundamental Existence Theorem announced above.

(7.7) Theorem. Let K be a field which contains the n-th roots of unity. If S
is a finite set of primes of K such that

1) S contains all the infinite primes and all the primes lying above the prime
numbers dividing n,

2) I =18 KX,
then C%. - U3 is the norm group of the Kummer extension T = K (V' K5)|K.

Addendum. If K does not contain the n-th roots of unity, C% - U3 is still
a norm group.

Proof. By (1.4) x(Grix) = KS(K*)"/(K*)" =2 K9/(K®)". Since K° is
finitely generated of rank N —1 = |S| — 1 (cf. (1.1)) and contains the n-th
roots of unity, K*°/(K )™ is the direct product of N cyclic groups of order n.
Therefore Gk is also the direct product of N cyclic groups of order n.

It follows from this that for each a”* € C% we have (a",T|K) = (a,T|K)" =1,
ie., a" € NpgCr, so that O C NpxCr. Furthermore, every idele a € Uz
is a norm idele of the extension T|K. To see this we must convince ourselves

by (3.4) that a, is a norm of the local extension K,(VK*)|K, for every p.
For p € S this is trivial because a, = 1. If p € S, then a, € U,, and a; is

by II, (4.4) a norm if the extension K,(V/K9)|K, is unramified. But this is
immediately clear, since every a € K is a unit for p ¢ S, and since n is
relatively prime to the characteristic char K p of the residue field if p € S, the
equation X" —a = 0 is separable over the residue field K, so that K, ({/a)|K,
is unramified. It follows that U} C Ny xCr and therefore

Cp - U% C NpjCr.
We show this inclusion is an equality using an index argument. We have
(Ck : NpgCr) = |G| = (K% : (K%)") =n", N =S
by the Reciprocity law. On the other hand,
() (Cx : CfUR) = (Ig-K* : (IR)"Ug-K*)
= (I« U™ UR) /(I N EX) : (IR)™Ug N KX)) Y.
Here the index in the numerator is

(If : (I2)"UR) = [T = (™)
pes

2) For this cf. the footnote 2 on p.133.
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since the map Iy — [oes Ko /(ES)™, a = Tl,esap(Ky)™ is obviously
surjective, and its kernel consists of those ideles a € Iy, for which a, € (K| o )"
for p € S; but these are precisely the ideéles in (I5)™-Us.

By II, (3.7) we obtain, using that |n|, =1 for p ¢ S, the identity
(15 - (19U =TI = (30" = [ nlnly = 02 T] Inly = 02",
pes pes p
For the index in the denominator of the equation (*) we have Ig- N K* = K9

and (I)"-Ug N K* = (K)". The first statement is clear. For the second, it
is clear that we have in any case the inclusion (K)"* C (Ig)"-Ug N K*.

To show the opposite inclusion, let x € (IZ)™-Uy N K*, thus z = a" - u,
a €12, ueUg. We form the field K({/z) and show K({/x) = K. If b € I,
then b is always a norm-idele of K({/z)|K. In fact, if p € S, then b, € K
is a norm because Ky ({/7) = Ky(1/ay) = K. If p ¢ S the same holds, since
by € Uy and K,({/z) = K,(/up)|K, because p { n is unramified (cf. II,
(4.4)). If we keep in mind that Ix = I3-K*, we have thus shown that
N ya) ik Crvm) = Ok

which implies by the Reciprocity Law that K = K(/x). Hence we have
Yr=ye KX, z=y"c (K)"NK%=(K%".
From the equation (%) we now obtain

(Cx : O - U%) =n?N /(K5 : (K°)") = n*N /0N = nN = (Ck : NpCr),
and therefore Ny xCr = C - Ug.
If we drop the assumption on the roots of unity, then C%-U#% nevertheless
turns out to be a norm group, as claimed in the addendum. In fact, if the
field K does not contain the n-th roots of unity, then we adjoin these and let
K'|K be the resulting extension. If S’ is a finite set of primes of K’ which
contain all the primes above the primes in S and in addition is sufficiently
large so that I, = I2, - K’ then by what we just proved C%,-U?%,, is the
norm group of a normal extension L'|K’. If L is the smallest normal extension
of K containing L', then we have

NLlKCL = NK'|K(NL"K' (NLlL’CL)) g NK"K(NLllK’CL’) =
N (Cp-U%)) = (N Cr )" Ny U5 € C- U
Thus C}L(oﬁf(, as a group which contains the norm group Ny xCy, is itself a

norm group (cf. (6.14)).

(7.8) Existence Theorem. The norm groups of Ci are precisely the closed
subgroups of finite index.
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Proof. Let N} = NL‘KC'L C CKk be the norm group of a normal extension
L|K. By the Reciprocity Law the index (Cx : N) = |G%‘|’K| is finite. The
norm map Ny g : Cp — Ck is clearly continuous. We have Cx = C’?{ x 'k,
Cr =C% x I', with I'g, Ty, & IR’. The injection R} — C from the proof
of (7.4) obviously also yields a group of representatives for C,/C?; therefore
we can assume that I'y = I', C Cp,. It follows that

NL|KCL = NL|K02 X NL\KFK = NL|KC2 X F}é = NL‘KC}{ X I'k.

The image of the compact group C? in Ck is compact, therefore closed, and
since 'k C Ck is also closed, NL|KC’L is in fact closed.

Conversely, let N C Ck be a closed subgroup of finite index (Ck : N) = n.
Then in any case - C N

Moreover, A is (as the complement of its finitely many closed cosets) also
open, and therefore contains one of the groups U?%; (cf. the remark on p. 160).
But C’}“‘(Uf( is by the addendum to (7.7) a norm group for sufficiently large S,
and by (6.14) the same holds for the group N as it contains a norm group.

We have proved using (7.7) that for every closed subgroup N C Ck of finite
index there exists a normal extension L|K with norm group NpxCr = N,
which is precisely the fundamental existence statement.

From the identification of the norm groups given by the Existence Theorem
we obtain without difficulty a further characterization of these groups which
is of a predominantly arithmetic nature. It is the idele theoretic version of the
formulation of the Existence Theorem in the classical theory using ideals. 22).

By a modulus m we mean a formal product

m= Hp"”
p

of prime powers, such that n, > 0 and n, = 0 for almost all primes p; for the
infinite primes p we allow only the exponents n, = 0 and 1.

For a prime p of K let

the np-th unit group of K, US = U,, when p { oo,
U R} C K,, when p is real and ny, =1,
P IR* = K,', when p is real and n, =0,

C* = K,;*, when p is complex.

22) Cf. [17], Teil 1, §4, Satz 1.
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If a, € K, then let

ap, = 1 mod p"» <:>apeU,§“’.

For a finite prime p and n, > 1 (resp. n, = 0) this means ordinary congruence
(resp. ap € Uy), for a real prime p with exponent n, = 1 this is the positivity
condition ay > 0, and for the remaining cases where p is real and n, = 0 or p
is complex, there is no restriction.

Ifm= Hp p™ is a modulus, then for an idele a € I we set
a=1modm <= a, =1 mod p"* for all p,

and consider the group

If ={aclg|a=1modm}=[]U," CIx.
p
If in particular m = 1, then obviously
Ie =TIz = [[ &7 < [] Vs,
ploo ptoo
where S, is the set of infinite primes of K.

We call the ideéle class group
CR=Ip-K*/K* CCk

the congruence subgroup mod m of Cx. The factor group Cx /CR is also
called the ray class group mod m. If particular, if m = 1, then we have

Ok [Ch = I /K T} - K*JK* = I /127 K*.

Hence by (2.3) the ray class group mod 1 is isomorphic to the ideal class
group Ji /Pk, and its order is equal to the class number h of K.

(7.9) Theorem. The norm groups of Ci are precisely the groups containing
the congruence subgroups C'%.

Proof. The index (Cx : CR) = (Ck : Ck) - (CL : C®) =h- (CL : C%) =
h-(Ij K*:I% - K*)<h-(IL:I®) = h~]_[p(Up : Uy?) is finite. Since
I =11 U; " is open in Ik, the image C} is also open and therefore closed
in Ck. Thus by (7.8) the congruence subgroups, and all groups containing
them, are norm groups.

Assume conversely that A is a norm group of Ck, so that by (7.8) NV is a
closed subgroup of finite index. Then A is also open and has an open preimage
7T in I . This open preimage Z contains an open subgroup W of the form

W= T wW, =[] U

peS pegs
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where S is a finite set of primes S and each W, is an open neighborhood
of the identity of pr; in fact, these groups form a fundamental system of
neighborhoods of the identity of Ix (cf. p.156). If p is finite, then we can
assume W, = U;L " since the unit groups U; P C K, form a basis. If p is
infinite, then the open sets W, generate the entire group K, or the group
IR’ in the real case. The group generated by W is thus a group I} C Z for an
appropriate modulus m, and AV is a group containing C% = I'®- K> /K*.

The (abelian) class field L|K associated with the norm group C} is called the
ray class field mod m. By the Reciprocity Law its Galois group G|k is
isomorphic to the ray class group Cx/CR. In case K = Q, we have:

(7.10) Theorem. Let m be a positive integer, p, the infinite prime of @,
and m the modulus m = m - ps. The ray class field mod m is precisely the
field Q((y,) of m-th roots of unity.

We point out that this theorem implies that the Existence Theorem for the
field @ is precisely the famous Theorem of Kronecker:

(7.11) Theorem. Every abelian extension of the field Q of rational numbers
is a cyclotomic field, i.e., a subfield of a field of roots of unity Q(¢).

Proof of (7.10). Let ¢ be a primitive m-th root of unity and m = [], p".
Then I§ =[], Up” x RX. The group U,” C Q consists of norms in
the extension Q,(¢)[Q,. In fact, the field Q,(¢) is the compositum of the field
of p"#-th roots of unity Q,(¢yn») and the unramified extension over Q,, of

the m;-th roots of unity Q,((my) (mg, = m/p"»). The first field contains the

elements in U," as norms because of 11, (7.15), the second because of II, (4.4).

Since the norm group of the compositum @,(¢) = Q, (¢ )Q,(¢my) is the
intersection of the two norm groups of Q,(¢pn») and Q, (G, ), the group Up?
is contained in the norm group of Q,(¢)|Q,. It follows from (3.4) that I
consists of norm ideles of the extension Q(()|Q, i.e., C§ € Ng¢)|qCq(c)-

On the other hand,
(Cq: C) = (Ca: Cy) - (Ch: CF) = Ty Q* + 1§ - Q)
= (I - ID) /(I N QX) : (I5 N Q™).
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Since Igy = [1,4,. Up x R™ and I§f =[], Up” x RY, we have [N Q™ =
{1,-1} and I N Q™ = {1}. We thus obtain for the above index the formula
(Co : CB) :; 1 W, : Um) - (R %)
PFPoo
=W up») =TIp™ " - (0= 1) = o(m).
plm plm

But this is the degree p(m) = [Q(¢) : @] of the field extension Q(¢)|Q, and it
follows that (Cq : Cg) = (Cq : Ng(0)@Cq(¢)), i-e., the congruence subgroup
Cg is in fact the norm group of the cyclotomlc field Q(Q).

Because of (7.10) we can think of the ray class fields over a number field K as
the fields corresponding to the fields of roots of unity in case K = Q. In this
context Kronecker’s Theorem (7.11) corresponds to the deep generalization
that every abelian extension of K is a subfield of a ray class field. In this
sense class field theory appears as a generalization of the theory of cyclotomic
fields; in fact, the historical development of class field theory has been guided
to a large extend by the example of cyclotomic fields.

With the introduction of ray class fields we obtain a good overview over the
lattice of all abelian extensions of a base field K. The ray class fields them-
selves correspond to the different moduli m of K, where the larger modulus
corresponds to the smaller congruence subgroup, thus the larger ray class field.
More precisely, if m and m’ are two moduli of K, then m | m’ implies that
the ray class field mod m is contained in the ray class field mod m’. Among
all ray class fields over K, there is one which plays a special role but only
appears when we get away from the base field K = Q. This is the ray class
field mod 1, i.e., the class field L|K associated with the congruence group C
with modulus m = 1. It is called the Hilbert or also the absolute class field
over K. Its Galois group is canonically isomorphic to C /C}, and therefore
to the ideal class group Jx/Pk (cf. p. 164). Its degree [L : K] is equal to the
ideal class number h of K. We will discuss the Hilbert class field in the next
section.

We use the compactness of the group C% and the fact that the groups C%- U
are norm groups (cf. (7.7) and Addendum) to prove the following theorem
about the universal norm residue symbol ( ,K).
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(7.12) Theorem. The universal norm residue symbol

O L0, b
from C to the topological Galois group G4 of the maximal abelian exten-
sion Ax|K is continuous, surjective homomorphism, and its kernel Dg =
Nz NijxCy is the group of all infinitely divisible elements of C %), i.e.,

Dk = () Ck.

n=1

Proof. We first prove the last statement. If @ € (| _, C%, and if N, =
N kCyr is any norm group, then @ = b" € Ny if (Ck : Ni) = n. Therefore
Moz1 C% € Dk =N, Ny Cr.

On the other hand, the groups C - U f( are norm groups for sufficiently large
S, ie., Dg C Cp - U%. For the inclusion Dg C ()~ Cp it thus suffices to
show that (g C - U = Cp. Let @ € (g C - Us; then for every S we have
the representaﬁion a= Eg -ug, bg € Ck, g € [7%. Because ﬂs Uf(' =1 we
also have (g U f( = 1, and this means that the sequence ug for increasing S
converges to 1, i.e., the sequence ﬁﬂgl € C% converges toa: a = limg Eﬂgl.

Consider now Cx = C% x I'x (I'x = IRY). Since Ck SLLIN C7t is continuous,
CY is compact and Ik is closed, thus we see that the group

Ci = (CR)" x I'g = (Cr)" x I'
is closed, so that a = limsﬁ-ﬂgl € C}%. Hence Di C ﬂs Cp - Us = C% for
all n, which shows that Dg C (2, Ct, and proves Dg = ()7, C%.

In particular, since Cx = C% x I'x and I'x = IRJXr consists of infinitely
divisible elements, this group is contained in the kernel Dk of (| K), i.e.,

(Ck. K) = (Ck, K) C G

K
Now if the homomorphism Cx g G4 is continuous, then the compact-
ness of C% implies that the image (C%, K) = (Ck, K) is closed in G2, and
because of denseness we have (Cr, K) = G232, which will prove surjectivity.

But to show the map ( , K) is continuous is almost trivial. If H is an open
subgroup of G3°, thus a closed subgroup of finite index, and L is the fixed
field of H, then the norm group N7 = N kCr € Ck is open, and because
(N, LIK) = (N, K) - H=11it is mapped by ( ,K) into H.

In addition to the above characterization, the group Dy has a purely topo-
logical description as the connected component of the identity of Ck. For the
proof of this non-trivial fact we refer the interested reader to [2], Ch. 9.

23) An element a € Ck is infinitely divisible, if for every natural number n there
exists a b € Cx witha=10".
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§ 8. The Decomposition Law

Many of the deepest statements of number theory find their common expres-
sion in Artin’s Reciprocity Law. For example, and without giving details,
one can regard Gauss’s Reciprocity Law for quadratic residues as a special
case?), and more generally, the theory of higher power residues is dominated
by Artin’s Reciprocity Law. Another important application concerns the ques-
tion of which ideals of a base field K become principal in an extension field L,
which we will return to later. The most important consequence, however, is
the answer to the question of how the prime ideals p of a basis field K split in
an abelian extension. For this, we consider instead of the prime ideal p of K
an associated “prime idele” by choosing a prime element 7 € K, and forming
the idele ny(m) = (..., 1,1, 7, 1,1,...). If we first disregard the finitely many
ramified primes, then the decomposition of the prime ideal p in the abelian
extension L|K can be immediately read off from a relation between the prime
idele ny(7) in the norm group N = N xCr € Ck which determines L,
namely, simply from the order of the idele class @, (7) modulo N7,. This is the
content of the following theorem:

(8.1) Theorem. Let L|K be an abelian extension of degree n and p an
unramified prime ideal of K.

If € K, is a prime element, n,(7w) € Ck is the idéle class represented by
the idéle ny(7) = (...,1,1,1,7,1,1,1,...), and f is the smallest number such

tbat — f
(7)) € NpjxCr,

then the prime ideal p factors in the extension L into r = n/f distinct prime
ideals Py, ..., B, of degree f.

Hence if one knows the norm group NpxCp, then one can simple read off
from the idele class group Ck of the base field K how p decomposes in L.

Proof. Since the prime ideal p is unramified, it factors in L into dis-
tinct prime ideals of equal degree: p = Pi---P,.. By the reciprocity law
Ck/NpkCrL = Gk, and 0y () mod N Cr, in Ck /N xCp has the same
order f as (cf. (6.15))

(ny(m), LIK) = (7, Lyg|Ky) € Gy 1k, € Gk (B [p)

But by II, (4.8) (m, Lys|K,) = ¢y is the Frobenius automorphism of the un-
ramified extension Ly|K)y. It generates the group G, |k, , thus the order f

24) The terminology “reciprocity law” also comes from this; this might appear a little
strange, since at first glance Artin’s Reciprocity Law seems to have nothing in
common with Gauss’s law.
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coincides with the degree [Ly : K], and therefore with the degree of 3. There-
fore the number r of distinct prime ideals B1,...,B, over p can be computed
from this by the fundamental equation of number theory: n=1r- f.

Later, when we derive the classical, ideal-theoretic theorems of class field
theory from our idele-theoretic theorems, we will encounter Theorem (8.1)
again in another, purely ideal theoretic formulation.

Theorem (8.1) only applies to unramified prime ideals. To decide whether a
prime ideal p is unramified, the following observations are useful.

If L|K is an abelian extension of algebraic number fields, and if Ly|K, are
the associated local extensions, then L is uniquely determined by the norm
group Ny xCr € Ck and Ly by the norm group NLMK,,L% C K, . There
is a simple relation between these two norm groups. To see this, we use (7.3)
and consider the group K, £< as embedded in Ck via the homomorphism

ﬁp :I(;< — Ck,

where we identify x, € K,° with the ideéle class represented by the idele
ny(zp) = (..., 1,1,1,2,1,1,1,...). Using the abbreviations N = N x and
Ny = Npg,x, we then obtain the

(8.2) Proposition. If L|K is an abelian extension, then
NCLN K; = ngL%}

Proof. If z, € NyLg, then the idele ny(zp) = (..., 1,1,1,2p,1,1,1,...) has
only norm components, and is therefore a norm ideéle of L by (3.4). Thus
Nq3LqX3 C NCLNK.

Conversely, let @ € NC, N K,*. Then @ is represented on one hand by the
norm idele a = Nb, b € Iy, and on the other hand by an idele n,(z,) =
(..,1,1,1,2p,1,1,1,...), 2, € K, so that

ny(zy) -a=Nb witha € K*.
Passing to the components, we see that a is a norm for all q # p. Therefore it

follows from the product formula (6.15) that a is also a norm at the prime p, so
that =, € ngL%, which proves the other inclusion NCp, N K> C NsnL%.

The following theorem now shows how the ramification of a prime p of K in
an abelian extension L|K is reflected in the norm group NCj, C Ck. We call
an infinite prime p unramified if it splits completely, i.e., if Ly = K.
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(8.3) Theorem. Let L|K be an abelian extension, N' = NCp, C C its norm
group and p a prime of K. Then we have the following equivalences:

p is unramified in L — U, C N,
p splits completely in L <= K, CN.

Proof. The prime p is unramified < Ly | K, is unramified (i.e., Ly = K, for
ploc) < (by IL, (4.9) and (8.2)) Uy € NypLy = NNEK < Uy CN. Similarly,
p splits completely < Ly = Ky & K,' = NpLyy = NNEK & K CN.

As in the local case, we have in global class field theory the notion of a
conductor. For a local abelian extension Ly |K, the conductor f, was defined
as the smallest p-power p” such that Uy C ngL%. In the global case we
have to replace the p-powers p™ by the moduli m (cf. §7, p.163) and the
groups Uy = {z, € K;° | z, = 1 mod p™} by the congruence subgroups
CR ={aeCk|a=1modm}.

If we keep in mind that by (7.9) every norm group N/ C Ck contains a
congruence subgroup C%, and that m | m’ implies the inclusion Cf C C%
(and not conversely!), then we come to the following definition.

(8.4) Definition. Let L|K be an abelian extension with norm group N =
NCp. By the conductor § of N, or also of L|K, we mean the g.c.d. of all
moduli m such that C% C N.

Thus C;{ is the largest congruence subgroup contained in A/, and Ct C N
if and only if f | m. Note that N' = C}, i.e. N is the norm group of the ray
class field mod m, does not imply in general that m is the conductor of N
(for example, Cg = Cg™ by (7.10)).

For the conductor f of an abelian extension L|K one has a localization theorem
analogous to that for the discriminant. If we define for an infinite prime the
conductor f, by p or 1, depending on whether Ly # K, or Ly = K, we have

(8.5) Theorem. If | is the conductor of an abelian extension L|K and f, is
the conductor of the local extension Ly|K,, then

f=11%-
p

Proof. We have to show: If N = NCf, and m = [I, p"» is a modulus of K,
Cg CN = pr |m < f,|p™ for all p.
p



8. The Decomposition Law 171
§ p

Using the notation from §7, p. 163 and (8.2), this follows from the equivalences

CRCN< (a=1lmodm=a€eN)forac Ik
< (ap, = L mod p™ = Mp(ay) E NN K = NypLy)
> (ap €Up" = ay € NpLg)
> Uy” C NpLy
= fplp".

We call an infinite prime p of K ramified in L if Ly # K. With this definition,
we obtain from II, (7.21) the following result.

(8.6) Theorem. A prime p of K is ramified in L if and only if it appears in
the conductor § of L|K.

If we further call L|K unramified if all finite as well as all infinite primes are
unramified, this implies

(8.7) Corollary. An abelian extension L|K is unramified if and only if its
conductor § = 1.

In §7, p. 166 we called the ray class field mod 1, i.e., the class field associated
with the norm group C}, the Hilbert class field over K. We can characterize
this field as follows:

(8.8) Theorem. The Hilbert class field over K is the maximal unramified
extension of K.

Because of the isomorphism Cx /C} = Jx / Pk, the degree of the Hilbert class
field over K is the ideal class number h = (Jx : Px) of K (cf. §7, p.166).
Therefore if h = 1, which occurs, for example, if K = Q, then every abelian
extension of K is ramified, and the Hilbert class field coincides with K.

The following famous theorem has been conjectured by Hilbert but remained
unproved for a long time.

(8.9) Principal Ideal Theorem. In the Hilbert class field over K every
ideal a of K becomes a principal ideal.

E. ARTIN used the reciprocity law to reduce the proof of this theorem to a
purely group theoretic problem whose solution was given shortly thereafter
by PH. FURTWANGLER. In the following we explain Artin’s reduction.
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If we start with K and take its Hilbert’s class field K7, then the Hilbert class
field K5 of K7, and we continue in this way, we obtain a chain of class fields

K=KyCK CKyC...,

the so-called class field tower. For this tower of fields we show first:

(8.10) Proposition. The i-th class field K; is normal over K, and K, is the
largest abelian subfield of Ko; in other words:

The Galois group G, |k, is the commutator subgroup of G, k-

Proof. We assume as induction hypothesis Kj;, i > 1, is normal. Let o be
an isomorphism of K;;1|K. Then cK; = K;, and since K;1|K; abelian and
unramified, the same holds for cK;;1|0K;, i.e., 0K;11|K;. Then by (8.8)
oK;1 C K;y1, thus K;;1|K is normal.

Let K’ be the maximal abelian extension of K contained in K. Then we have
K, C K', and K’ C Kj, since K'|K is unramified; thus in fact K’ = Kj.

For the proof of the Principal Ideal Theorem we now have to translate the
statement that every ideal of K becomes a principal ideal in the class field K3
into the language of ideles. This is obviously equivalent to the canonical map
JK/PK — JKl/PK17
that takes the ideal a € Jg to the ideal in the field K; generated by a being
trivial. On the other hand, by §7, p. 164 we have the canonical isomorphisms
OK/C}( = JK/PK and CKl/C]l(l = JKI/PK“

and therefore the commutative diagram

CK/C}( _— JK/PK

CKl/CIl(l - JKI/PKI’

where the homomorphism i is induced from the canonical embedding Cx —
Ck, - Thus the Principal Ideal Theorem says precisely that the map 1 is trivial,
which is equivalent to the statement that we have an inclusion Cx C C’}<1.

Since C’}<1 is the norm group of the extension Ko|K7, this means that we
simply have to show, making use of the norm residue symbol, that

1= (CK,K2|K1) = VGF(CK7K2|K).
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Now if we take into account that
(Ck, Ks|K) = G, i = Gry | /Gralic, = Gy ¢

and that G, |k, is the commutator subgroup of G, |k, then we see that the
Principal Ideal Theorem reduces to the following theorem:

(8.11) Theorem. If G is a metabelian finite group, i.e., a finite group with
abelian commutator subgroup G’, then the transfer of G to G’ %)

Ver: G** — ¢ = ¢

is the trivial map.

This theorem is purely group theoretic but by no means of a simple nature. It
was first proved (1930) by PH. FURTWANGLER, a simpler proof was given by
S. IYANAGA (1934). It would exceed the scope of these lectures to give this
proof, instead we refer to [23].

A problem posed by FURTWANGLER, which is closely related to the Principal
Ideal Theorem, is the famous class field tower problem. It is the question
of whether the class field tower

K=KyCK CKyC...

(K41 the Hilbert class field over K;) terminates after finitely many steps.
A positive answer to this question would have the following interesting con-
sequence: If K,;,1 = K; for sufficiently large 4, then K; has class number 1.
One would therefore obtain for every algebraic number field K a canonically
given solvable extension, in which not only the ideals of K but all the ideals
become principal ideals. This problem was open for a long time until in the
year 1964 is was decided in the negative by E.S. GoLoD and I.R. SAFAREVIC
who showed that there are in fact infinite class field towers. It is interesting to
note that similar to the proof of the Principal Ideal Theorem, this was done
using a reduction to a purely group theoretic conjecture which was solved
shortly afterwards. We refer the interested reader to [11], IX, and [14].

8 9. The Ideal Theoretic Formulation of Class
Field Theory

The results of global class field theory obtained so far are almost exclusively
formulated in terms of ideles. We have seen that the idele-theoretic language

25) We recall that the transfer or Verlagerung of a group G to a subgroup g is defined
as the restriction G*® =~ H=%(G,Z) =5 H%(g,Z) = ¢*°.
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has remarkable technical advantages which justify its central role in our dis-
cussions. Now that we have reached some form of conclusion, we should also
derive from the results obtained so far the classical purely ideal-theoretic the-
orems of class field theory as stated, for example, in Hasse’s Zahlbericht [17].

In the idele-theoretic formulation of the reciprocity law, the abelian extensions
L|K correspond uniquely to the norm groups N xCr C Ck. In the ideal-
theoretic form there is a similar correspondence, however, not quite as simple.
Here the abelian extensions also correspond to certain norm groups in the
ideal group Jx of K. The norm residue symbol ( ,L|K) : Cx — Gpx
is replaced by a symbol which maps the ideals a € Jg to elements of the
Galois group Gp k. It is a characteristic of the ideal-theoretic version that
such a symbol cannot be defined for all ideals, in contrast to the norm residue
symbol, which is defined for all ideles without any restriction. More precisely,
the ideals that have to be omitted are the ones which are divisible by ramified
primes. This is done by choosing a (sufficiently large) so-called “modulus of
definition m”, in which all the ramified prime ideals appear, and to which
the ideals being considered are to be relatively prime. Field theoretically this
choice corresponds to the embedding of the abelian extension L|K into the
ray class field mod m, in which by §8 only prime divisors of m are ramified.
This process, namely the choice of a sufficiently large modulus of definition m
for every given abelian extension L|K, the transition to the ideals relatively
prime to m, and the embedding of L|K into the ray class field mod m, are
the crucial inputs to the ideal-theoretic formulation of the reciprocity law. We
describe this more precisely below.

We take an algebraic number field K as our base field. By Jx (resp. Pk), we
denote again the ideal (resp. principal ideal) group of K; however, since the
base field K is always fixed, we omit the index K, just as for the idele group
I and the idele class group Ck, and we write J, P, I, C etc.

If m =], p" is a modulus of K, then we let

J™  be the group of all ideals relatively prime to m,
P™ the group of all principal ideals (¢) € P with a =1 mod m 26),

P™ is called the ray mod m, and every group between P™ and J™ is in the
classical terminology called an ideal group defined mod m. For the ideal
groups defined mod m we use the notation H™.

The factor group J™/P™ is called the ray class group mod m. Obviously,
if m=1, then J™ = J and P™ = P, i.e., we obtain the full ideal class group
J/P as the ray class group mod 1.

In place of the idele class group C' we now have a whole family of ray class
groups J™/P™. Whereas the idele class group C was the source group for all

26) This congruence is again to be understood in the sense of §7, p. 164.
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abelian extensions of the base field K, the ray class groups J™/P™ are only
responsible for the extensions contained in the ray class field mod m.

If L|K is any extension, then we call a modulus m a modulus of definition
for L|K if L lies in the ray class field mod m (i.e., C™ C Ny |xCL). If m | m/
and if m is a modulus of definition for L|K, then so is m’; by definition, the
conductor of L|K is the g.c.d. of all the moduli of definition (cf. (8.4)).

After choosing a modulus of definition m, we now associate with every abelian
extension L|K the following ideal group defined mod m:

(9.1) Definition. If L|K is an abelian extension and m is a modulus of
definition for L|K, then

H™ = Ny gJp - P™
is called the ideal group defined mod wm associated with L|K. Here J}
denotes the group of all ideals of L relatively prime to m.

The map from the norm group H™/P™ into the ray class group J™/P™ is
the ideal-theoretic analogue of the map from the norm group Np xCyp into
the idele class group Ck.

In place of the norm residue symbol we now define a homomorphism

()

Jh GL\Kv

by mapping each ideal a of K relatively prime to m to an automorphism (LlTK)

in G'1|k, which is called the Artin symbol. By multiplicativity, it suffices to
consider the prime ideals p of K which do not divide m. For these we set

LIK
(L) =¢p € Gk,

where ¢, is the Frobenius automorphism of L|K associated with p. We
briefly recall its definition: If 5B is a prime of L lying over p, then ¢, is an
element of the decomposition group Gy = Gy k, C Grx of P over K and
is as such (because there is no ramification) uniquely determined by

ppa = a? mod’P for all integers a € L.

Here g is the number of elements of the residue field of p; ¢, does not depend
on the choice of the prime ideals ‘B but only on p, since G| is abelian and
an ideal conjugate to B yields a Frobenius automorphism conjugate to y.

The Artin Reciprocity Law in its classical ideal-theoretic form now reads
as follows:
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(9.2) Theorem. If L|K is an abelian extension and m is a modulus of defi-
nition for L|K, then the Artin symbol yields the exact sequence

()

1 — H"/P" — J"/P" —— G g — 1,

where J™ is the group of all ideals of K relatively prime to m and H™ is the
ideal group defined mod m associated with L (cf. (9.1)).

Remark. Note that this implies in particular that the Artin symbol does
not depend on the ideals themselves but only on the ideal classes mod P™;
therefore it induces a homomorphism on the class group J™/P™ — G k.

We will prove the exactness of the sequence
(**)
1 — H"/P" — J"/P" ——= G g — 1
by comparing it with the analogous idele-theoretic sequence

1— NL|KCL — CK (LK)

GL|K — 1
which is exact. More precisely, we will compare it with the exact sequence

1— NyxCp/o™ — cjem WH, a1,

where we pass from ideles to ideals as in (2.3), using the homomorphism
k:l—J ar— Hpvp(%).
pfoo

For this homomorphism x we now have the

(9.3) Proposition. The map « induces a canonical isomorphism of ray class

roups
sroup R : C/C™ —s J™/P™,

whose restriction to Ny xCr/C™ yields an isomorphism

Rm : NL‘KCL/Cm — Hm/Pm.

Proof. To prove Ky, is an isomorphism, we start with the isomorphism
c/C™ = [/I™K*.
Thus we need to find for every idele class a- I™-K* a representative idele a,

which is mapped under k to the group J™ of ideals relatively prime to m. We
find these representatives in the group

I'™ =f{acT|a,=1forallp|m}.
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In fact, if a € I, then by the Approximation Theorem there is an element
a € K such that ay -a = 1mod p"» for all p | m =[], p"». Therefore we
can write a-a = a’ - b, where d’, resp. b, is defined by the components

A
=
b, =a,-a=1modp"™ forp|m, b, =1forptm.

a, = 1forp|m, a; =ay,-aforpfm, resp.

Since o/ € I™ and b € I™, we have a € I{™.J™. K>, The isomorphism
results now from the fact that the homomorphism
™ — g™ /P™ ar— k(a) - P™
is surjective and has kernel I™ - K* N (™) which is easy to verify. Hence
C/C™ = [ ™ X /™ K¢ a2 T ey 1)

For the second claim we have to show further that
Fm(Np xCr/C") = Ny Jp - P*/P™.

(m

If we set I} - {a eI | ap =1 for P | m} C I, then we have from the
above I}, = Iém) I - L*, and therefore
NpgCr/C™ = NI KX JI™ K* = Ny I™ - ™ K% /™ K%
From the definition of &, it follows that
B (N CL/C™) = 6(Ny L™ )-P™ /P™ = Ny (s(I™))-P™ / P™,

and because /{(Iém) = JJ', we obtain the desired result.

The isomorphism Ry, : C/C™ — J™/P™ yields a surjective homomorphism

Fm: C — J"/P™

with kernel C™. Since J™ is generated by the prime ideals p + m, we can
describe the map Ky, as follows.

Let p { m be a prime ideal of K, 7 € K, a prime element in K, and n,(7) =
(...,1,1,7,1,1,...) the “prime idele” associated with p in the idele class
A, (m) =ny(m) - K* € C. Then the map Ky takes the idele class n,(m) to the
class p - P™, since k(ny(m)) = p.

Theorem (9.2) is now an immediate consequence of the following theorem
which establishes a relation between the idele-theoretic and the ideal-theoretic
reciprocity law.
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(9.4) Theorem. Let L|K be an abelian extension, and let m be a modulus
of definition for L|K. Then the diagram
(LK)

] ——— NL\KCL CK

nml nml (M) lid

1l ——— H"/P" ——— J"/P" —— Gpg —— 1

Grg — 1

commutes, and the surjective homomorphisms kn, both have kernel C}%.

Addendum: If p t m is a prime ideal of K, m € K, is a prime element, and
ny(m)=(...,1,1,m,1,1,...) is the prime idele associated with p in the idéle
class i, (m) € Ck, then the Artin and the norm residue symbols satisfy

(LLK> = (Ap(m), LIK).

Proof. The equality follows easily from the product formula for the norm
residue symbol (6.15) and II, (4.8):
LIK

(p) = pp = (7, Lyp|Ky) = (p(7), L| K).

Because km (1, (7)) = p, it follows that the diagram commutes.

In this section we always considered only unramified prime ideals and excluded
the ramified primes by choosing a modulus of definition m, thus embedding
the field in question into a suitable ray class field. It is easy to see that this
restriction is necessary. The Artin symbol (L‘—K)7 which for an unramified
prime ideal p is defined by the above Addendum as the norm residue symbol
(p(m), L|K) = (m, Ly | K} ), does not permit such a definition in the ramified
case, because the norm residue symbol still depends on the choice of the prime
element 7. The inclusion of the ramified primes into class field theoretical
required the step from ideals to ideles, which allows to reduce the global to the
local theory, where one can deal with ramified extensions using cohomological

methods.

To end, we want to formulate the decomposition law for the unramified prime
ideals in an abelian extension L|K in terms of the corresponding ideal group
defined mod m H™, which determines the field L as a class field. This gives
the ideal-theoretic formulation of Theorem (8.1).
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(9.5) Theorem. Let L|K be an abelian extension and p an unramified prime
ideal of K. Let further m be a modulus of definition for L|K not divisible by
p (say the conductor) and let H™ be the corresponding ideal group. If f is
the order of p mod H™ in the class group J™/H™, and therefore the smallest
number such that f m

p’ € HY,
then p factors in the extension field L into exactly r = [L : K|/f distinct
prime ideals B, ..., B, of equal degree f over p.

Proof. Let p = By ---P, is the prime decomposition of p in L. Because p
is unramified, the By, ..., B, are distinct and of equal degree f over p. This
degree coincides with the order of the decomposition group of B3; over K, and
therefore with the order of the Frobenius automorphism ¢, € Gk, which
generates the decomposition group. Under the isomorphism

JU/H™ 2 Gk

induced by the Artin symbol the element ¢, = (LlTK) corresponds to the
class p- H™ € J™/H™, hence this class has order f. q.e.d.
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